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Introduction

Formulation of the problem: one sample case

o Let X; = (Xk1,-..,Xkg)' be a vector of d repeated measurements;
k =1,...,n independent subjects

Assume Xy ~ N (p, X), X >0
Aim: Test Hp : Hu = 0 when d > n;
H: any appropriate hypothesis

When d < n, classical multivariate procedures applicable without
imposing any structure on X

Examples: Wald-type statistic, Hotelling's T2 statistic, ...

M. RAUF AHMAD (ZfS) High Dimensional Data September 09-13, 2007 3/27



Introduction

Formulation of the problem: one sample case

@ But they do not work for d > n, the case of high dimensional data

@ For ex., T? totally collapses while Wald-type statistic is extremely
liberal even for n > d

o Idea: The ANOVA-type statistic, based on the modification to the
Box's (1954) approximation
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Introduction

@ Box approximation: Let X ~ Ny4(0,X) and let T be any symmetric

d

matrix. Then Q = X'TX ~ >~ \;C; where )\; are the eigenvalues of
i=1

TX and the C; ~ X% are independent.

@ The idea is to approximate the distribution of @ with that of a scaled,
gx,% distribution, where g and f are chosen such that the first two
moments of Q and gx?2 coincide. (Known as Box approximation)

@ Following the approximation, we solve

gf =) ANi=tr(TE) and 2g°f =2) A} =2tr(TE)?

and get f = [tr(TX)]2/tr(TX)? and g =tr(TX)?/tr(TX)
so that X'TX/tr(TE) ~ \3/f

(Box, 1954; Brunner, 2001)
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Introduction

o The ANOVA-type Statistic(ATS): X'TX/tr(TX) ~ x%/f

@ For known X, the quality of approximation is very good for d > n

Covariance Structure/1 — «

(n = 10) cs AR(0.6)

d 000 095 099 000 095 099
5 0.8952 0.9498 0.9888  0.8852 0.9404 0.9848
10 0.9006 0.9480 0.9800  0.8966 0.9432 0.9856
50 0.9016 0.9526 0.9918  0.9016 0.9448 0.9848
100 0.8994 0.9454 009880  0.8978 0.9458 0.9874
200 0.8018 0.9432 0.9884  0.8968 0.9428 0.9860

@ —> Need appropriate estimators of ¥ and g
o = Need appropriate estimators of tr(TX), [tr(TX)]? and tr(TX)?
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Introduction

Proposed modification:
define estimators of tr(TX), [tr(TX)]? and tr(TX)? such that they are
@ unbiased, consistent and of uniform rate of convergence w.r.t. d

o First choice, classical estimator & = _1- (X =X)(X=X) 7
1

e With %, estimators of [tr(TX)]2 and tr(TX)? are biased; and
@ consistency depends on d and gets worse with increasing d
We use Chebychev inequality P(|X| > ¢) < E(X?)/c?, ¢ > 0, such that,

for an estimator 0, 4 of functional 84

(49 = 2 o))

Od
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Introduction

Proposed modification:

Based on Chebychev inequality, we define estimators such that
o E(8,4/04) =1, for all n, and for any fixed d
o lim Var(f,.4/04) = 0 for any fixed d

Further, for dimensional stability, ensure that
° Var(émd/ed) is uniformly bounded w.r.t. d =

@ If n — oo, then, for any fixed d, d > n does not destroy the quality of
approximation
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Introduction

Estimators: one sample case
e Model: Xy ~ N(u, X); Hypothesis: Hy : Hu =0
e Forany H, T = H(HH’)"H is unique, st. Hu=0<= Tu =20
@ T can be any general linear hypothesis, including factorial hypotheses

@ For Hy : Tu = 0, define TX, = Yy such that, under Hp,
E(Yk) = 0, Var(Yk) =TXT = S.

Define: quadratic form: Ax = Y, Y and bilinear form: Ay =YY,
Estimators of tr(TX), [tr(TX)]? and tr(TX)?, respectively

1 " 1 n n 1 n n
By = ;;Ak; B, = mZZAkA’; B, = WZZA’Z"

k=1 I=1 k=1 I=1
—— ——
k# 1 k# 1

@ Estimators unbiased with variances of order O (%)
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Introduction

Modified ANOVA-type Statistic (ATS)
o With Q, = nX'TX, the ATS is defined as F = Q,/Bo
o Using Taylor series approximation, the first two moments of F are

E(F) = 1; Var(F) = i <1 ~ 1)

n

Compare with first two moments of X%/?: 1 and %

— F~x3/for 8 ~xZwith f =Bi/B,

The approximation very accurate for n as small as 10 and any d
For any cov. structure; special cases: CS, AR(0.2) and AR(0.6)

Also accurate for non-normal distribution; typically evaluated for
Exponential, Uniform and Bernoulli distributions

Very high power
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The Model

Let X1k = (Xlkly ... 7X1kd)/ ~ N(Ml, 21), and
Xop = (Xam, - -+ Xoig)' ~ N (g, X2)
X1k, Xos: independent vectors of d repeated measures each, so that

(X X5) ~ N(p, X) with pp = (p], pup), X = ( 01 22)

Corresponding sample statistics: X, = (X} ,X5 ), £ = <}31 }%)

No special structure assumed for X1, ¥»
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The Hypotheses

H'® (P2 @ Py =0 (Interaction Hypothesis)
HY (P31l p =0 (Group Hypothesis)
HE (31, Py =0 (Time Hypothesis)

Py=14— %Jd : centering matrix; 1: vector of 1s
@ Hypotheses of interest: HS‘B and Hg — affected by d
o H is just a two-sample hypothesis (t-test); unaffected by d
e Formulation as general hypothesis: T=H' (HH')" H

T2 — PyoPy; T8 = 10,0Ps (Jo=1o1h)

@ In general, T can be any general linear hypothesis
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The Estimators

Define the differences X1 — X5, Vk=1,....,niand I=1,...,m
so that
Xik — Xoj ~ N(py — pp, X1+ X2)
@ Then for HOAB c T(py — o) =0, define Y1 — Yo = T(Xyx — Xo),
such that
Yix — Yo ~ N(0, T(X1 + X)T)
e Estimator of covariance matrix, X4 = T(X; + X2)T, under HAB s

mm

DS (Vi = Yo)(Yai = Yoy

k=1 /=1

1
nin;

£, -

o E (}:d) — T(Z1 + 5)T
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The Estimators

Ak/ =
Aulrs =

(Y1 — Y2 ) (Y1 — Y2) (Quadratic Form)
(Ylk — Y2/)/(Y1r — Y25) (Bilinear Form)

Estimators of tr[T(E; + o)T], [tr[T(Z1 + Z2)T]]” and tr[T(Z; + o) T]?

Bo

B

B

respectively

M. RAUF AHMAD (ZfS)

noom

HZZA”

k=1 I=1

n n2 ny n2

n1nz(n1—1 )(m2 — 1) ZZEZAk/Ars
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Approximating Distribution

o Estimators By, B1, B> unbiased and consistent
Variances of order O ( + 1 )

1,1
n n

Variances uniformly bounded with respect to d

Qn = (X1. — X2.)'T(X1. — X3.) be the quadratic form of the test
statistic; Then, for HG‘B, the modified ANOVA-type statistic is

= Qn
F = —
By

First two moments of F, based on Taylor series approximation
Since Cov(fl. — Xz) = n%zl + %222, —

no general closed form result tractable

e 6 o6 o

Assume: either ny = ny or X1 = X»
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Approximating Distribution

e Casel:mm=m=n X1#X,
@ Casell: ny £, T1 =X, =X
Then

Q
-

E (F’AB) (Both Cases)

~ 2 1\?
Var (FAB) ~ o= (1 - > (Case 1)
f n
2 1 1
r o= (1 — ) <1 — > (Case I1)
f n ny
~ BAB . i
where f = —Lz is the estimated degrees of freedom
B2
e Variance of F also uniformly bounded w. r. t. d
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Approximating Distribution

For a ——dlstrlbutlon E(X%/?) = 1, Var(x %/7‘) = %
Compare with the moments of the F
E (FAB) ~ 1 (Both Cases)
zas) o 2(1 1Y
Var (F ) Nz 1 - (Case I)

21Dy (e

~ 2
o= F~ X—ff asymptotically

oorF—g—gﬁwxfwith?:%
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The Time Effect

For Hg” : T(pq + p) = 0, define the sums Yix + Yo = T(X1x + Xo)
Define By, B: and B,, accordingly, using

A= Y+ Y2r) (Yik + Y21);  Auirs = (Y1, + Yas) (Y1r + Yos)

Quadratic form for the statistic

Q,’,g = (il. + XZ)IT(XL +¥2A)

e Under HE,
B
Fo
= 55
0
@ Final results remain exactly the same as for the interaction effect
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The Time Effect

I'I'I
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(Both Cases)

(Case I)

(Case II)

@ Estimators By, B1, B> unbiased and consistent with variances, also of
F, uniformly bounded w.r.t. d
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Simulations: Test Size

ny = ny = n; 5,000 runs; Compound Symmetry

Interaction Effect Time Effect
n d 0.90 0.95 0.99 0.90 0.95 0.99

10 20 0.8970 0.9490 0.9942 0.8952 0.9492 0.9936
50 0.8928 0.9506 0.9906 0.8912 0.9476 0.9930

100 0.8920 0.9510 0.9926 0.8948 0.9484 0.9896

200 0.9002 0.9522 0.9920 0.8962 0.9468 0.9912

300 0.8986 0.9506 0.9834 0.8976 0.9474 0.9904

20 50 0.9034 0.9492 0.9884 0.9020 0.9518 0.9926
100 0.8932 0.9448 0.9898 0.9042 0.9534 0.9900

200 0.8970 0.9466 0.9898 0.9004 0.9498 0.9932

300 0.9074 0.9516 0.9914 0.8990 0.9462 0.9896
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Simulations: Test Size

n1 = np = n; Autoregressive(0.2); 5,000 runs

Interaction Effect Time Effect

n d 0.90 0.95 0.99 0.90 0.95 0.99

10 20 0.9020 0.9536 0.9940 0.8992 0.9526 0.9934
50 0.8966 0.9486 0.9922 0.8862 0.9430 0.9882
100 0.8908 0.9450 0.9942 0.8942 0.9496 0.9914
200 0.8970 0.9548 0.9918 0.8994 0.9506 0.9912
300 0.8968 0.9498 0.9912 0.8904 0.9418 0.9902

20 50 0.8992 0.9468 0.9882 0.8976 0.9486 0.9916
100 0.8928 0.9466 0.9884 0.9084 0.9538 0.9898
200 0.8974 0.9476 0.9908 0.9000 0.9494 0.9916
300 0.8938 0.9482 0.9896 0.8962 0.9472 0.9904
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Simulations: Test Size

n1 = np = n; Autoregressive(0.6); 5,000 runs

Interaction Effect Time Effect
n d 0.90 0.95 0.99 0.90 0.95 0.99
10 20 0.8950 0.9460 0.9894 0.9024 0.9522 0.9912
50 0.8944 0.9454 0.9886 0.9008 0.9466 0.9900
100 0.8844 0.9382 0.9896 0.8954 0.9414 0.9880
200 0.8924 0.9472 0.9910 0.8938 0.9450 0.9902
300 0.8900 0.9484 0.9908 0.8968 0.9544 0.9930
20 50 0.9042 0.9490 0.9906 0.8946 0.9436 0.9882
100 0.9074 0.9524 0.9922 0.8978 0.9468 0.9882
200 0.9026 0.9524 0.9888 0.8962 0.9430 0.9888
300 0.8916 0.9462 0.9876 0.9020 0.9516 0.9888
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Simulations: Power

Interaction effect: /

ni = ny = 10; o = 0.05; 5000 runs
Trend

cs AR(0.2) AR(0.6)

0.0 0.4 0.8 1.2 0.0 0.4 0.8 1.2 0.0 0.4 0.8 1.2
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Simulations: Power

Time effect: /

ni = ny = 10; o = 0.05; 5000 runs
Trend

cs AR(0.2) AR(0.6)

0.0 0.4 0.8 1.2 0.0 0.4 0.8 1.2 0.0 0.4 0.8 1.2
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Example

Brunner, Domhof and Langer (2002)

Average Body Weights of Wistar Rats

420 4 —
—— Placebo T
—— Drug -

B 40 4

380

360

Average Weight[g]

340

Time(Weeks)

o Effect of toxicity of a drug on weights of male Wistar rats
@ Two independent groups, each of 10 rats
@ Response Variable: Avergae body weight[g]

@ Aim: Comparison of profiles of two groups over 22 weeks
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Example

Analysis of weight data: n; = np = 10;d = 22

@ Hypothesis matrices
o T : P, @ Py
o TE: %Jg R Py

Effect F f p-value
Interaction 0.51 3.68 0.7115
Time 9.56 1.28 0.0008

@ For each effect, F ~ X%
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