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ABSTRACT

In logistic regression analysis of small or sparse data sets, results obtained by classical maximum
likelihood methods cannot be generally trusted. In such analyses it may even happen that the
likelihood meets the convergence criteria while at least one parameter estimate diverges to foo.
This situation has been termed ‘separation’, and it typically occurs whenever no events are observed
in one of the two groups defined by a dichotomous covariate. More generally, seperation is caused by
a linear combination of continuous or dichotomous covariates that perfectly separates events from
non-events. Separation implies infinite or zero maximum likelihood estimates of odds ratios, which
are usually considered unrealistic. I provide some examples of separation and near-separation in
clinical data sets and discuss some options to analyze such data, including exact logistic regression
analysis and a penalized likelihood approach. Both methods supply finite point estimates in case of
separation. Profile penalized likelihood confidence intervals for parameters show excellent behavior
in terms of coverage probability and provide higher power than exact confidence intervals. General

advantages of the penalized likelihood approach are discussed.

KEY WORDS: bias reduction, exact logistic regression, infinite estimates, modified score

function, penalized likelihood, sparse data.



1. INTRODUCTION

In medical studies, the effect of independent variables on dichotomous outcomes is often quantified
by odds ratios that are estimated using logistic regression. Examples of such dichotomous outcomes
that will be dealt with later in this paper include the development of chronic lung disease in pre-
term infants (yes/no), the success in treating incontinent patients (yes/no), or the erythrocyte
sedimentation rate (> 20/< 20). It is typical for medical studies that data sets are small or sparse,
such that results from maximum likelihood logistic regression are not trustworthy, because odds
ratio estimates are known to be biased away from one [1-5] and asymptotic confidence intervals
are either not informative or violate the nominal coverage rates [6, 7]. In an extreme case, small-
sample bias may cause parameter estimates to be infinite. This phenomenon has been denoted by
‘separation’, because a single independent variable or a linear combination of variables perfectly
predicts the dichotomous outcome [8, 9]. Although the log likelihood converges to some finite
value, it cannot be maximized by a finite parameter value.

Thus, separation leads to infinite odds ratio estimates, which rarely can be assumed to be true
in practice. Finding a variable perfectly predicting the outcome is in principle very desirable. In
small data sets, however, we must assume that the phenomenon of separation is not due to a truly
infinite odds ratio, but rather caused by random variation.

In practice, the problem of reporting infinite odds ratio estimates is often bypassed by using a
different type of model (e. g., a linear instead of a logistic model), or by replacing the covariate
that is causing separation by a surrogate, by transforming that variable, or even by omitting it
from the final model. None of these alternatives, however, directly estimates the effect of interest
or properly adjusts the effect of other covariates by that effect. In the sequel, I will not further
consider these alternatives but will rather assume the situation in which a variable’s effect on the
outcome must be reported in terms of a communicable, i. e. finite, odds ratio estimate, confidence
interval and P-value.

To meet the special problems that logistic regression analysis of small data sets presents, spe-

cial methods have been developed, including estimation and exact inference based on conditional



likelihood [10-12] and penalized maximum likelihood estimation and inference [13-15]. As these
approaches supply finite odds ratio estimates and meaningful confidence limits they are useful
when analyzing separated data. These methods are also important with ‘nearly separated’ data,
which can loosely be defined as data in which the existence of finite parameter estimates depends
on the presence of one or two particular observations. They generally provide less biased estimates
and more accurate inference.

In the following section, I briefly revisit maximum likelihood logistic regression, exact condi-
tional logistic regression, and penalized maximum likelihood logistic regression. Section 3 compares
the behavior of these methods in three typical data sets with separated or nearly separated data.
Based on one of these examples, it will also be shown how a recently proposed permutation test
for logistic regression models can be combined with penalized maximum likelihood estimation to
confirm the adequacy of penalized likelihood ratio tests. A general discussion is given in the last

section, along with information about software implementing these methods.

2. METHODS

2.1. Maximum likelihood

Consider the logistic regression model

k
Prob(y; = 1| x;,0) = m = {1+6Xp(—zxirﬁr)}_1
r=1

with ¢ = 1,...,n, y; € {0,1} denoting the binary outcome variable, 2;; = 1 denoting the con-
stant, and z; (i1 = 1,...,n; v = 2,...,k) referring to n observations on k¥ — 1 independent
covariates. Maximum likelihood estimates @T of regression parameters 3, (r = 1,...,k), which

can be interpreted as log odds ratio estimates, are obtained as solutions to the score equations
dlog L/0B,. = U(B,) = 0 where log L is the log-likelihood function
n
logL = Zyi logm; + (1 — y;) log(1 — m;)
i=1
Confidence intervals for parameters are either obtained by normal approximation (Wald method)

or by profile likelihood. If &, denotes the estimated standard error of Br, given by the square-



root of the rth diagonal element of the inverse Fisher information matrix, then the Wald-type
(1 — a)100% confidence interval for [, is defined by [BT + 2020, B, + 21—a/20r] With z, denoting
the a-quantile of the standard normal distribution. The profile likelihood function of 3, is obtained
by maximizing the log likelihood over the parameter vector Sr (R = {1,...,k}\ {r}, with A\ B
denoting all elements of A except those appearing in B); and inserting fixed values for 3,. A
profile likelihood (PL) (1 — «)100% confidence interval for 3, is the continuous set of values (3, for
which twice the difference of the maximized log likelihood and the profile likelihood at 3, does not
exceed the (1 —«)100th percentile of the y3-distribution. While the Wald method assumes normal
sample distribution of parameter estimates, the profile likelihood method allows for asymmetric

distributions.

2.2.  Penalized mazimum likelihood

Firth [13] proposed a general method to remove first-order bias from maximum likelihood esti-
mates. For exponential family models, his approach involves maximizing a likelihood which is
penalized by Jeffreys’ invariant prior. Applying his idea to logistic regression, the penalized log
likelihood becomes

log L* =log L + 1/2log |1(B)|

with I() denoting the Fisher information matrix evaluated at 8. Penalized maximum likeli-
hood estimates for 3, (r = 1,...,k) are obtained by replacing the score equations U(S,) =

S, (yi — mi) xir = 0 by the modified score equations

Dlog L* /06, =U(B,)" =Y {yi —mi+hi(1/2—m)baw =0 (r=1,....k)

i=1
where the h;’s are the i-th diagonal elements of the ‘hat’ matrix H = W1/2X(XTWX)’1XTW1/2,
with W = diag{m;(1 — m;)}. The penalization term removes the O(n~!)-bias from parameter
estimates which is considered negligible in large samples, but can be severe with small or sparse
data sets. Again, confidence intervals can be obtained by either way defined above. With separated
data, however, it has been shown that the penalized likelihood can be very asymmetric, and then

profile penalized likelihood (PPL) confidence intervals are preferable [14].



Hypothesis tests of the parameters of the model can be obtained by comparing the unrestricted
maximized penalized log likelihood with the penalized log likelihood that results by maximizing
subject to the restrictions of the null hypothesis (usually setting one parameter value to zero). The
penalized likelihood ratio (PLR) statistic, which is defined as twice the difference between these
two penalized log likelihoods, asymptotically follows a x? distribution with degrees of freedom
equal to the number of parameters to test.

The penalized maximum likelihood method for binary logistic regression has been proposed
as an ideal solution to the problem of separation [14]. A similar conclusion was drawn in an

investigation applying the method to multinomial logistic regression [15].

2.3.  FEzxact conditional logistic regression

In exact conditional logistic regression, the estimate of a parameter [, as well as corresponding
inference are based on the exact null distribution of the sufficient statistic T, = Z?:l YiTir of B,
conditional on the observed vector of sufficient statistics T (R = {1,...,k} \ {r}) corresponding
to all regression parameters but g,. Efficient algorithms to evaluate these conditional distributions
are implemented in the software packages LogXact [16] and SAS/PROC LOGISTIC [17]. Let ¢,
and tr denote the observed values of T, and Tg, respectively. Maximum likelihood parameter

estimates of §, are found by maximizing the conditional likelihood

exp(B,17)
Zy*GQT exp(fr Zz (y;kmzr))

Pr(Tr = tr|ﬂr7TR = tR) = Prr(Tr = tr‘/Br) = Lr(6r|T = t) =

with €, denoting the set of permutations y* of the outcome vector y such that for each y* € Q,.,
> (Wray) =T, for all ¥ € R. In case of separation t, is at the boundary of its support. In such
cases, the maximum likelihood estimate is not finite, and can be replaced by a median unbiased
estimate, which is defined as the value of 3, that satisfies L,.(5,.|T = t) = 1/2 [11]. Both programs
for exact logistic regression mentioned above automatically report the median unbiased estimate
in case of an infinite maximum likelihood estimate.

Several methods exist to compute P-values and estimate confidence sets for (3, based on the

exact conditional distribution of T.. The ‘conditional scores’ method first assigns a score to each



distributional point of T;. measuring its distance from the mean of the distribution. The P-value
is then defined as the probability that under the null hypothesis a score greater than or equal to
the score of the observed value t, is obtained. The P-value computed by the ‘probability’ method
is defined as the sum of probabilities of distributional points of 7. that are less than or equal to
the probability of observing ¢, under the null hypothesis. Finally, the ‘twice smaller tail’ method
defines the P-value as 2min{Pr,. (T, < t,.|6, = 0),Pr,.(T;- > t.|3, = 0)}. Although all of these tests
could be inverted to yield confidence intervals, in SAS and LogXact confidence limits of nominal
level 1 —« are estimated by computing the values 3,_ and 8, that satisfy Pr,. (T} > ¢,.|5,-) = /2
and Pr,.(T,. < t,.|8,+) = /2, respectively. This corresponds to the inversion of the ‘twice smaller
tail” test. It is not clear why the conditional score method has never been considered for computing
confidence intervals, which could improve on the efficiency of interval estimation. Analysis of several
examples revealed that the P-value obtained by the ‘conditional score’ method is generally smaller
than that by the ‘twice smaller tail’ method. A so-called mid-P version of the confidence interval
is defined by the values 8,_ and §,4 satistying Pr,.(T,. > t.|8,—) + Pr,. (T, = t,|6,-)/2 = «/2 and
Pr. (T, < t;|Bry) + Pr(T) = t,|8r+)/2 = «/2, respectively.

An excellent review of exact conditional logistic regression can be found in the paper by Mehta
and Patel [12]. Although exact logistic regression was proposed for the first time in 1970 by
Cox [18], application was feasible only after the availability of reasonable computing power and
the development of efficient algorithms to find the sets €, [10]. In recent years, research focused
on Monte Carlo approximations to the exact distributions of sufficient statistics, which again

broadened the scope of problems that can be solved by exact conditional logistic regression [19].

3. EXAMPLES

Three examples are presented to illustrate the behavior of the methods introduced in the previous
section. The first one is a 2x2 table with an extremely unbalanced binary outcome, an example
of perhaps the most common situation of separation in practice. In the second data set, both

maximum likelihood and exact conditional approaches fail. In the third example the data are



only nearly-separated, but still maximum likelihood fails and exact conditional analysis is at least
questionable. Results are presented as odds ratio estimates. The odds ratios for the quantitative
covariates of examples 3.2 and 3.3 refer to a change of one interquartile range. Maximum likelihood
analysis and exact conditional analysis were done using SAS/PROC LOGISTIC [17]. The SAS

macro FL [20] was used for penalized maximum likelihood analysis.

8.1.  Preterm infants study

The simplest case of separation occurs in the logistic regression analysis of a two-by-two table
with a zero cell count. Such a table arose in a study on pre-term infants [21] when the effect
of contamination of amniotic fluid by ureaplasma urealyticum on development of chronic lung
disease (CLD) in such infants was evaluated. CLD was defined as need for supplemental oxygen
at 36 weeks post-conception. Among 61 pre-term infants, only four developed CLD, all of them
had contaminated amniotic fluid. In comparison, contaminated amniotic fluid was found in the
mothers of only 17 of 57 healthy infants without CLD. The odds ratio estimates (95% confidence
limits) obtained by maximum likelihood logistic regression, penalized maximum likelihood logistic
regression and exact conditional logistic regression are co, 20.8 and 11.5, respectively. The odds
ratio estimate by exact conditional logistic regression is a median unbiased estimate. Ninety-
five per cent confidence intervals for the odds ratio by Wald, profile likelihood, profile penalized
likelihood, exact and mid-P methods are (0, 00), (3.6, o0), (2.1, 2017), (1.4, co) and (1.9, o),

respectively.

3.2.  Incontinence treatment study

In a recent paper, Potter [22] published data of an incontinence treatment study, where three
physiological variables x1, x5 and z3 are assumed to influence treatment success, which was assessed
eight weeks after start of treatment and occurred in 13 of 21 patients. These variables are all
continuous and range from -5.6 to 2.3, from -19.8 to 27.5, and from -43 to 14, respectively. The
variables approximately exhibit normal distributions and their pairwise correlation coefficients

range between 0.28 and 0.48. The interesting point of that data set is that although univariate odds



ratio estimates are finite for each of the covariates, a multiple logistic regression model including
all three covariates does not yield finite maximum likelihood estimates. Separation is produced
by a linear combination of all three covariates. With continuous covariates, exact conditional
logistic regression cannot be directly applied, because the conditional distributions of the sufficient
statistics are almost always degenerate, i. e. there is only one permutation y* that satisfies the
condition that Tr = tg (R = {1,...,k}\{r}) and this permutation is the observed outcome vector.

Potter shows that results of exact conditional logistic regression after categorization of the
covariates highly depend on the type of categorization. This was his motivation to develop a new
permutation-based test that uses the residuals of a linear regression of x3 on x; and x5, as an
independent variable when evaluating the effect of 3 on treatment success. The replacement of z3
by the residuals ez leaves the corresponding parameter estimate and its standard error unchanged,
but the residuals es are now uncorrelated to x1 and x2, which cannot be generally assumed with
r3. The residuals ez are then permuted and for each permutation, a likelihood ratio P-value
corresponding to the likelihood comparison of the model including es, 1 and x5 and the model
including only x; and x5 is obtained. The permutation of regressor residuals (PRR) P-value for
the effect of x3 is then defined as the proportion of permuted P-values that are less than or equal
to the observed asymptotic likelihood ratio P-value. The idea behind Potter’s approach is that
the permutation of the regressor residuals yields a null distribution of P-values corresponding to
x3 without assuming that all other parameters are zero, as would be the case if y was permuted.
In all permuted data sets the sufficient statistics corresponding to x; and x5 assume the same
values as in the original data. Potter limited his analysis to providing a P-value, but his test
could be inverted to deliver confidence intervals as well. This would need some computational
effort though. Alternatively, the data can be analysed by penalized maximum likelihood logistic
regression. Results by both approaches are given in Table 1. Ten thousand permutations were used
to compute the PRR P-values. The columns headed ‘permutation’ correspond to PRR P-values
from penalized likelihood ratio tests (‘PLR P-value’) and likelihood ratio tests (‘LR P-value’),

respectively.



Comparing asymptotic and permutational P-values it can be seen that the discrepancy is much
higher with the likelihood ratio test than with the penalized likelihood ratio (PLR) test. From
the almost perfect agreement of the asymptotic and permuted PLR P-values it can be concluded
that the asymptotic penalized likelihood ratio test holds the nominal size even in such small
samples. In the parameter estimate corresponding to z1 there is a large discrepancy between the
two permutation-based P-values. For this variable, the distribution of the standard likelihood ratio
test P-values departs heavily from the uniform, and this causes some doubt in the validity of the

permutation-based likelihood ratio P-value.

3.3.  Erythrocyte sedimentation rate study

Collett (Reference [23], p. 9; see also Reference [24]) reports a study in which the eryhtrocyte
sedimentation rate (ESR) was regressed on fibrinogen and ~-globulin. The ESR is the rate at
which red blood cells settle out of suspension in blood under standard conditions and is used as
indicator for infections and certain diseases. The ESR for a healthy individual should be below
20 mm/hr; the absolute value of the ESR is relatively unimportant. Collett suggested to remove
two outliers (Reference [23], pp. 8 and 168) before fitting a logistic regression model of categorized
ESR (< 20 vs. > 20) on fibrinogen and ~-globulin. There are only four observations out of
30 that exhibit an ESR > 20. Fibrinogen and 7-globulin are measured on a quantitative scale,
ranging from 2.15 to 5.06 and from 28 to 46, respectively. As the values of «-globulin are integers,
the exact conditional distribution of the sufficient statistic of fibrinogen is not degenerate, and
estimation and inference are possible. However, the observed value of the sufficient statistic for
fibrinogen is at the edge of its conditional distribution, and the conditional maximum likelihood
estimate is infinite. The odds ratio estimates corresponding to an increase in fibrinogen of one
interquartile range (0.93) while adjusting for y-globulin are 11.2x10° by maximum likelihood, 61.0
by penalized maximum likelihood, and 10.7 by conditional median unbiased estimation. Associated
95% confidence intervals are [4.1 x 107163 x 103°] by the Wald method, [19.4, 1.7 x 1057] by profile
likelihood, [2.97,1.9 x 10'°] by profile penalized likelihood, [2.14, 00| by exact conditional inference

and [2.68, 0] by the mid-P method.
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The confidence intervals differ remarkably in their location and length. The sparse data situa-
tion leads to an implausible lower Wald confidence limit which is due to the failure of the normal
approximation that is involved in its computation. The profile likelihood interval on the other
hand postulates a lower limit of 19.4. The lower limits by the exact, mid-P and profile penalized
likelihood methods do not differ that much. The overlap of fibrinogen distributions between the
groups defined by ESR categories suggests that the odds ratio must be finite. Thus, an infinite up-
per limit as given by the exact and mid-P methods is not reasonable. This is somewhat relativized

by the fact that none of the other methods finds an upper limit of clinical relevance.

3.4. FEwvaluation by simulation for examples 3.1-3.3

Exact analysis guarantees that the actual coverage rate of a confidence interval is at least equal
to the nominal confidence level. Discreteness in the data, which is one requirement for the exact
conditional analysis to be applicable, can substantially increase actual coverage rates, and it is
desirable to quantify the potential coverage rate excess and corresponding loss in power. On the
other hand, the actual coverage rates of confidence intervals estimated by asymptotic methods
converge to the nominal rates only as n becomes large.

In order to obtain estimates of each method’s actual type-I error rate (size), actual coverage
rate and power corresponding to the typical covariate structures observed in the examples above,
a Monte Carlo study was performed. In this simulation analysis the observed covariate data
of each example was used as design matrix and one-thousand new outcome vectors were sampled
assuming a ‘null’ and two different ‘alternative’ models. The ‘null’ model was obtained by maximum
likelihood logistic regression analysis of the original data restricting the parameter of interest to
zero. ‘Alternative’ model (a) was given by the parameter estimates from exact conditional logistic
regression, and model (b) by those estimated by penalized maximum likelihood. The variables
of main interest were amniotic cavity fluid culture in the preterm infants study (Section 3.1), x3
in the incontinence treatment study (Section 3.2), and fibrinogen in the erythrocyte sedimation
rate (ESR) study of Section 3.3. The linear predictors used to simulate data are given in Table 2.

A full linear predictor based on the parameter estimates from the exact conditional analysis was

11



only available for the preterm infants study, as in the incontinence study exact conditional analysis
could not be obtained at all, and in the ESR study the estimate for the intercept parameter was
not defined due to a degenerate distribution of the corresponding sufficient statistic. Therefore,
model (a) for the ESR study had to be redefined by sampling one-thousand outcome vectors with
the same number of events (ESR>20) as observed in the original data set.

For each data set simulated under the ‘null’ model and under the two ‘alternative’ models, two-
sided ninety-five per cent confidence intervals for the parameters corresponding to the variables of
main interest were computed by the Wald, profile likelihood, profile penalized likelihood, exact and
mid-P conditional methods. The size of each method was estimated from the data sets simulated
under the ‘null’ model by the proportion of confidence intervals excluding 0. Actual coverage rates
and power of each method were estimated from the data sets simulated under each alternative
model by the proportion of confidence intervals covering the true parameter value and excluding
a parameter value of 0, respectively.

Table 3 shows the results on size, coverage and power. Profile likelihood is the only method
in which the actual type I error rate exceeds the nominal rate in all examples. Therefore, profile
likelihood is not considered when comparing power and coverage of the methods. In the preterm
infants study, all compared approaches yield at least nominal coverage rates, and profile penalized
likelihood and mid-P are equally powerful, followed by exact conditional analysis and the Wald
method. Among the methods that do not violate nominal coverage and type-I error rates pro-
file penalized likelihood produces the highest value for the lower limit, thus providing the most
efficient interval estimate. In the incontinence treatment study, nominal coverage is yielded by
Wald and profile penalized likelihood methods, and only the latter provides reasonable power.
Exact conditional analysis could only be applied in 35 of 1000 simulated data sets. In all other
data sets the conditional distribution was degenerate. In the ESR study, Wald, profile penalized
likelihood and exact conditional likelihood had the nominal coverage rate, and among them it is
again profile penalized likelihood that yields the highest power. In this simulation study size and

coverage are based on two-sided evaluations, whereas assessment of power is essentially based on
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the lower confidence limit. Thus, when comparing power one should keep in mind that violations
of one-sided coverage and type-I-error rates cannot be completely ruled out for the Wald, profile
penalized likelihood and mid-P methods.

Summarizing the simulation results, the penalized maximum likelihood method can be generally
recommended because of three findings: (i) it could be applied to all data sets, (ii) it yielded nominal

type I error and coverage rates in all situations studied and (iii) it was highly efficient.

4. DISCUSSION

The present paper illustrates situations of separation and near-separation in logistic regression
by means of typical examples. Three approaches were compared: maximum likelihood, exact
conditional logistic regression and penalized maximum likelihood. Analysis of the examples and
evaluation by simulation show that the classical maximum likelihood method can badly fail even
in the analysis of a simple 2x2-table. As infinite parameter values are generally not plausible,
maximum likelihood estimates are heavily biased, and confidence intervals either uninformative, if
computed by the Wald method, or extremely anticonservative, if the profile likelihood method is
used. One could stop here claiming that with separated data, no inference was possible. However,
research revealed that the behavior of two other approaches is more promising; these methods
include exact conditional logistic regression, and penalized maximum likelihood estimation.

By means of analysis of data sets some limitations of the exact conditional logistic regression
method are illustrated, which are not shared by the penalized maximum likelihood method. The
first one is applicability: with continuous covariates, the conditional distributions of sufficient
statistics are typically degenerate, and then neither estimation nor inference is possible. Cate-
gorization can help; however, it was remarked that results may depend heavily on the type of
categorization chosen [22]. Penalized maximum likelihood estimation, on the other hand, can be
readily applied to data with continuous covariates. The second problem is conservatism due to
discreteness. Exact confidence intervals guarantee that the actual coverage rate is at least equal

to the nominal confidence level. However, the actual coverage rate may be much higher than the
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nominal level, leading to confidence intervals that are too wide and thus loss of statistical power.
By constructing confidence intervals based on the mid-P-method, some of this conservatism can
be removed, but the actual confidence level remains uncertain, albeit its expected value now equals
the nominal level. Such confidence intervals are still based on the technique of conditioning out
nuisance parameters and some of the conservatism left could be due to over-conditioning [25].

Penalized maximum likelihood estimation overcomes both problems. In the example of Sec-
tion 3.2 it was shown that asymptotic P-values from penalized likelihood ratio tests fairly agree
with their permutation-based counterparts, which is apparently not the case with P-values result-
ing from standard likelihood ratio tests. Evaluation by simulation revealed that the actual coverage
rates of profile penalized likelihood confidence intervals approximately equal their nominal value
while being efficient to detect departures from the null hypothesis.

The application of penalized maximum likelihood logistic regression is facilitated by SAS [17],
R (http://www.r-project.org) and SPLUS [26] programs for routine use which are available at the
web site http://www.meduniwien.ac.at/msi/biometrie/programme/fl [20, 27]. In these programs,
parameter estimation is based on the Newton-Rhaphson algorithm and profile penalized likeli-
hood confidence interval estimation on a variant of the algorithm suggested by Venzon and Mool-
gavkar [28]. It was recognized that naive application of these algorithms may lead to numerical
problems in some data sets. The most vulnerable part appeared to be the estimation of the profile
penalized likelihood confidence interval for the intercept parameter. As this confidence interval is
not needed in the majority of applications, it is not computed by default in our routine-use pro-
grams. Almost all of the other numerical problems that arose in applications could be solved by re-
stricting the maximum step size allowed during one Newton-Rhaphson iteration. Other techniques
that improve numerical stability and speed-up convergence include standardization and orthogonal-
ization of covariates, and ridging (see the chapter about PROC LOGISTIC in the online documen-
tation of SAS [17] at the web site http://support.sas.com/documentation/onlinedoc/sas9doc.html
for details). The penalized maximum likelihood approach is only slightly more complex computa-

tionally than standard maximum likelihood analysis. When doing one hundred repeated analyses
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of the ESR data set on a 2.5 GHz Pentium IV machine with 1 GB of RAM running Windows
XP, SAS/PROC LOGISTIC took 1.8 seconds to compute maximum likelihood estimates and pro-
file likelihood confidence intervals, but 16.9 seconds to compute conditional maximum likelihood
estimates and exact or mid-P confidence intervals. In comparison, SAS/PROC IML needed 2.1
seconds to compute penalized maximum likelihood estimates and profile penalized likelihood confi-
dence intervals. Penalized maximum likelihood logistic regression has already been applied for the
analysis of various medical studies [21, 29-33]. These studies and others, which have not yet been
published, and the analysis of the examples provided by the present paper confirm the penalized
maximum likelihood approach to be an easy-to-use method in the analysis of logistic regression
problems when conventional asymptotic methods are in doubt and exact results are unavailable or

unnecessarily conservative.
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Table 1: Analysis of incontinence treatment study

PML analysis PLR P-value LR P-value
Variable IQR OR 95% CI asymptotic  permutation asymptotic  permutation
P 26 011  (6.7x107% 2.27) 0.199 0.173 8.5%1074 0.092
T2 8.6 0.057 (7.8 x 1077, 0.62) 0.0029 0.0011 2.4x107° 0.0006
T3 11.0 3.25 (1.06, 117) 0.036 0.023 1.5x1074 0.026

PML: penalized maximum likelihood

PLR: penalized likelihood ratio

LR: likelihood ratio

IQR: interquartile range

OR: odds ratio estimate referring to an increase of one IQR

95% CI: nominal 95% confidence interval



Table 2: Linear predictors used for evaluation by simulation based on several examples. The
linear predictors were obtained by restricted maximum likelihood analysis for the null models,
exact conditional analysis for alternative (a) models, and penalized maximum likelihood analysis

for alternative (b) models.

Example Model Linear predictor

Preterm infants study null —2.6568

Preterm infants study alternative (a) —4.0467 + 2.4452 = *

Preterm infants study alternative (b)  —4.39445 4+ 3.03633 « *
Incontinence treatment study null —1.1709 — 0.6952 z1 — 0.3356 =2

Incontinence treatment study alternative (b) 0.23343 — 0.85274 z; — 0.33284 x2 + 0.10708 z3

ESR study null —4.7667 4+ 0.0806 ~-Globulin
ESR study alternative (a)  2.5491 Fibrinogen + 107'¢ ~-Globulin
ESR study alternative (b)  —17.42 + 4.4209 Fibrinogen + 0.0497 ~-Globulin

* x = 1 if amniotic cavity culture found, 0 otherwise

T restricted to four events per simulated data set



Table 3: Results from evaluation by simulation based on several examples. The variables of interest for each example are given in brackets. The linear
predictors used to simulate data were obtained by restricted maximum likelihood analysis for the null models, exact conditional analysis for alternative

(a) models, and penalized maximum likelihood analysis for alternative (b) models.

Preterm infants Incontinence ESR
(Amniotic cavity culture) (z3) (Fibrinogen)
Model null  alternative (a)  alternative (b) null  alternative (b) null  alternative (a) alternative (b)
Method size% cov% pow% cov% pow% size% cov% pow% size% cov% pow% cov% pow%
Wald 0.5 95.9 12.0 96.0 15.8 0.0 98.8 0.2 0.8 97.0 22.7 97.6 21.3
PL 6.3 94.8 63.1 96.7 78.6 17.8 67.6 66.4 10.9 82.8 90.8 78.2 99.4
PPL 2.6 95.6 53.6 95.6 72.6 2.9 96.9 41.1 4.5 95.2 87.3 95.4 99.2
Exact 0.6 97.8 34.1 98.7 53.4 * ) ) 4.1 96.2 83.4 98.0 90.0
mid-P 2.6 96.8 53.6 97.4 72.6 * T T 4.8 96.2 84.5 97.9 95.8

size%: type-I-error probability; percentage of nominal 95% confidence intervals excluding the true value of 0
cov%: percentage of nominal 95% confidence intervals including the true parameter value

pow%: percentage of nominal 95% confidence intervals excluding 0

PL: profile likelihood

PPI.: penalized profile likelihood

* values unavailable because only 14 of 1000 simulated data sets could be analysed

T values unavailable because only 35 of 1000 simulated data sets could be analysed





