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Abstract

Kent and O’Quigley (1988) apply the concept of information gain to measure both global and partial
dependence between explanatory variables and a censored response within the framework of the pro-
portional hazards regression model of Cox (1972). The definition of this measure is extended to cover
also the stratified Cox model.
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1. Introduction

Consider a continuous survival time variable T and covariate vectors X(1), X(2) and
X(3), which are row vectors of dimension p(1), p(2) and p(3), respectively. To assess
the effects of X(1) on T, thereby considering X(2) and X(3) as confounding vari-
ables, we want to apply the proportional hazards regression model of Cox (1972),
which is the most popular model for analysing survival data in medical research.
Now assume that the proportional hazards assumption does not hold with respect
to covariates X(3). With problems of this kind it is often possible to split the X(3)

variables into homogeneous subgroups (strata), represented by the m-level-factor
S. For instance, X(3) could consist of sex of the patient and some hormone status
variables, and for some medical reasons a 3-level-factor S could appear appropri-
ate with levels {male, premenopausal female, postmenopausal female}. Now a
stratified Cox proportional hazards regression model can be defined,

hsðt j xÞ ¼ h0sðtÞ exp ðxð1Þbð1Þ þ xð2Þbð2ÞÞ ; ð1:1Þ
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s ¼ 1; . . . ;m, where the baseline hazards functions h0sðtÞ are completely unspeci-
fied and mutually unrelated. Throughout the paper, covariate vectors will be con-
sidered as row vectors, and regression coefficient vectors will be considered as
column vectors, respectively. A crucial feature of model (1.1) is its invariance
under differentiable, strictly monotonic increasing transformations acting on the
time scale in each stratum (Kalbfleisch and Prentice, 1980, p. 88).

The aim of this paper is to propose a measure of partial dependence for model
(1.1). That is, the dependence between T and X(1) is measured, after the effects of
confounders X(2) and X(3) have been accounted for by regression and stratification,
respectively.

If X(3) is absent, pð3Þ ¼ 0. This is the so called unstratified case, since only one
stratum exists, and m ¼ 1. Various dependence measures (R-squared measures)
have been proposed for the unstratified Cox model (Schemper and Stare, 1996).
Discussion on which measure to use in practice is still ongoing, since the semi-
parametric nature of the Cox model allows more than one sensible generalization
of the definition of linear model R2, where our notion of measured dependence
(explained randomness, explained variation) usually is derived from. However,
there is no doubt that the approach of Kent and O’Quigley (1988) has resulted in
a dependence measure with desirable statistical properties. The Kent and O’Quig-
ley measure is based on the methodological considerations of Kent (1983), who
used the concept of information gain (Kullback and Leibler, 1951) to generalise
the usual squared multiple correlation coefficient (linear model R2) to a wider
class of parametric models of dependence. The idea was previously also used by
Linfoot (1957) to define a generalised joint correlation coefficient.

In Section 2 we give a brief outline how to construct the Kent and O’Quigley

measure (1988) for the unstratified Cox model. The measure will be generalized
for the stratified Cox model in Section 3. If both the stratified measure and the
unstratified partial measure are applicable, then their results will be expected to be
similar. This will be explored in Section 4 by means of a simulation study. The
stratified measure will be applied to the Veteran’s Administration lung cancer data
published in Kalbfleisch and Prentice (1980) in Section 5. Finally, a discussion
is given in Section 6.

2. Background: The Unstratified Case

This Section provides a brief description of the approach of Kent and O’Quigley

(1988) for the unstratified Cox model, that is, p(3) ¼ 0 and m ¼ 1. For the sake of
redundancy the strata indicator has been omitted throughout this Section. We con-
sider the linear model

y ¼ � m

a
� xb

a
þ e

a
¼ � m

a
� xð1Þbð1Þ

a
� xð2Þbð2Þ

a
þ e

a
; ð2:1Þ

672 H. Heinzl et al.: Dependence Measure for Stratified Cox Regression



where the error term e has a specified probability density function f ðzÞ say, and e
is independent of the covariates X ¼ ðXð1Þ; Xð2ÞÞ. Let GðdxÞ denote the marginal
distribution of X. Let q ¼ ðbð1Þ T ; bð2Þ T ; m; aÞT denote the parameters of the mod-

el, a > 0, and let q1 ¼ ðbð1Þ T1 ; b
ð2Þ T
1 ; m1; a1ÞT denote the true values of the param-

eters, generally with b
ð1Þ
1 6¼ 0pð1Þ , where 0pð1Þ is the p(1)-dimensional zero vector.

Consider the nested hypotheses H0 : bð1Þ ¼ 0pð1Þ and H1: no restrictions on
b ¼ ðbð1Þ T ; bð2Þ TÞT . Kent (1983) proposed

r2
IG ¼ 1 � exp ð�GÞ

to measure the dependence between Y and Xð1Þ after allowing for the regression
on Xð2Þ. If p(2) ¼ 0, then Xð2Þ will be empty, and r2

IG will be called a common R-
squared measure. If p(2) > 0, then r2

IG will be called a partial R-squared measure.
G is twice the Kullback and Leibler (1951) information gain,

G ¼ GðH1 : H0; q1; GÞ ¼ 2fFðq1; q1Þ �Fðq0; q1Þg ;

which is used to measure the distance between H1 and H0. q0 is defined to be the
value of q maximizing the expected log likelihood Fðq; q1Þ over all q satisfying
H0, where

Fðq; q1Þ ¼
Ð Ð

log ff ðy j x; qÞg f ðy j x; q1Þ dy GðdxÞ : ð2:2Þ

The probability density function of the conditional distribution of Y given X is
denoted by f ðy j x; qÞ. In the following we will relate it to the error density by
f ðy j x; qÞ ¼ af ðayþ mþ xbÞ. Note that G depends on H1, H0, the true parameter
q1 and the marginal distribution of X. We can transform r2

IG into the general form
of a dependence measure (proportion of explained randomness, proportion of ex-
plained variation),

r2
IG ¼ 1 � exp f�2Fðq1; q1Þg

exp f�2Fðq0; q1Þg
¼ 1 � MðY j XÞ

MðY j Xð2ÞÞ
;

where MðY j Xð2ÞÞ and MðY j XÞ denote the residual randomness of Y under the
hypotheses H0 and H1, respectively (Kent and O’Quigley, 1988). That is, r2

IG is
the proportion of residual randomness unexplained under H0, which can be ex-
plained through the inclusion of the covariates X(1) under H1.

Calculating r2
IG for a normally distributed error density in model (2.1) yields the

ordinary linear model R2. However, it is not obvious at first sight how to employ
the construction principle of r2

IG to measure dependence within the framework of
the unstratified Cox proportional hazards regression model. The problem with this
model is due to its unknown error distribution, since the baseline hazards function
h0ðtÞ is unspecified. That is, the conditional distribution of T given X is specified
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only up to a strictly monotonic transformation of T, and fðTÞ gives the same Cox
regression coefficients as T for any strictly monotonic increasing function f. In
other words, covariates enter the model through their actual distributions whereas
the survival time outcome is dealt with in a fully non-parametric fashion.

Here Kent and O’Quigley (1988) set in by pointing out an interesting analogy
to non-parametric correlation coefficients. For example, both the Spearman and
Fisher-Yates correlations can be viewed as product-moment correlations between
two variables after transforming them to have uniform and normal marginal distri-
butions, respectively. Shifted to the problem at present this means that an appro-
priate transformation f for the survival time outcome T given X has to be chosen
first, before the construction principle of r2

IG can be applied to define a semi-para-
metric R2-measure for the Cox model.

A simple and natural choice for a conditional survival distribution in the pro-
portional hazards context seems to be the exponential distribution, or, more gener-
ally, its location-scale family, that is the Weibull distribution family. In fact, f can
be chosen for the conditional distribution of T* ¼ fðTÞ to follow a Weibull distri-
bution and the baseline hazards function is proportional to a power of t,
h*0ðtÞ ¼ a exp ðmÞ ta�1, for any choice of real numbers m and a > 0. If T* given
X follows a Weibull distribution, then log ðT*Þ will result in the linear regression
model (2.1), and the error term will follow a standard extreme value distribution
with density f ðzÞ ¼ exp fz� exp ðzÞg, see Lawless (1982). It remains to compute
r2

IG for this type of error term distribution. Given x, the expected log likelihood
takes the form

Fðq; q1; xÞ ¼
Ðþ1

�1
log fa f ðayþ mþ xbÞga1 f ða1yþ m1 þ xb1Þ dy

¼ log ðaÞ þ a

a1
g0ð1Þ þ b� exp ðbÞ g a

a1
þ 1

� �
;

where b ¼ mþ xb� ða=a1Þ ðm1 þ xb1Þ, gð:Þ denotes the gamma function, and
�g0ð1Þ ¼ 0:577 . . . is Euler’s constant. Kent and O’Quigley (1988) denoted the
finally resulting dependence measure by r2

W in order to emphasize the relationship
to the Weibull distribution.

An estimate for r2
W can be found by estimating G first so that

~rr2
W ¼ 1 � exp ð�~GGÞ. Remember that the definition of G is based on the vector of

true parameter values q1 ¼ ðbð1Þ T1 ; b
ð2Þ T
1 ; m1; a1ÞT . Since G does not depend on

the choice of m1 and a1 > 0, the values m1 ¼ 0 and a1 ¼ 1 are chosen for the

sake of convenience. However, for b1 ¼ ðbð1Þ T1 ; b
ð2Þ T
1 ÞT we have to insert an ap-

propriate estimate. Let us assume that censored survival data
fðti; ci; xiÞ; i ¼ 1; . . . ; ng are available with survival times ti, censoring indicators
ci, and ðpð1Þ þ pð2ÞÞ-dimensional covariate vectors xi. Fitting a Cox regression
model under H1 to the data, that is by using all pð1Þ þ pð2Þ covariates, yields the
vector ~bbCox; 1 of estimated regression coefficients which is substituted for b1 to get
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~qq1 ¼ ð~bbð1Þ TCox; 1;
~bb
ð2Þ T
Cox; 1; 0; 1ÞT . The estimate ~qq0 ¼ ð0Tpð1Þ ; ~bb

ð2Þ T
0 ; ~mm0; ~aa0ÞT for q0 is

found by numerically maximizing the empirical expected log likelihood

Fðq; ~qq1Þ ¼
1

n

Pn
i¼1

Fðq; ~qq1; xiÞ over all q ¼ ð0Tpð1Þ ; b
ð2Þ T ; m; aÞT satisfying H0,

a > 0. To save numerical trouble exp ðtÞ can be substituted for a. Finally,
~GG ¼ GðH1 : H0; ~qq1; GnðdxÞÞ ¼ 2fFð~qq1; ~qq1Þ �Fð~qq0; ~qq1Þg, where GnðdxÞ denotes
the empirical distribution of the covariates X.

Due to the lack of an according closed-form solution for ~rr2
W, this measure has

been considered difficult to compute (Schemper and Stare, 1996). However, the
fitting of a Cox model itself shares the same level of computing difficulty. In both
cases, numerical optimisation techniques like the Newton-Raphson method (Red-
dien, 1985; Heinzl, 2000) have to be employed. Nevertheless, Kent and O’Quig-

ley (1988) also proposed a closed-form approximation for r2
W by considering the

error term in model (2.1) to follow a standard normal distribution. By using a
more common notation for this case, that is s2 ¼ a�2, they ended up with

r2
W;A ¼ 1 � ð1

�
s2

0Þ, where s2
0 ¼ 1 þ b

ð1Þ T
1 Wð11:2Þb

ð1Þ
1 , Wð11:2Þ ¼ Wð11Þ �Wð12Þ

�fWð22Þg�1 Wð21Þ, and W is the covariance matrix of X partitioned in the usual
way. Just as in the case of r2

W the choice of m1 and s2
1 > 0 is irrelevant for the

value of r2
W;A so that m1 ¼ 0 and s2

1 ¼ 1 have been chosen. To estimate r2
W;A we

just replace b
ð1Þ
1 and W by ~bb

ð1Þ
Cox; 1 and ~WW, respectively, where ~WW denotes the sam-

ple covariance matrix of X.

3. The Stratified Case

The approach of Kent and O’Quigley (1988) is extended to cover the stratified
Cox regression model (1.1) as well, so that we are able to quantify the partial
dependence between T and X(1) after the effects of confounders X(2) and X(3) have
been accounted for by regression and stratification, respectively. Remember that
the X(3) variables are split into strata, which are represented by the m-level-factor
S. At first we develop a general definition of a stratified dependence measure
based on information gain. For this we consider the stratified linear regression
model

y ¼ � ms
as

� xð1Þbð1Þ

as
� xð2Þbð2Þ

as
þ e

as
; ð3:1Þ

s ¼ 1; . . . ;m, where the error term e follows a specified probability density func-
tion f ðzÞ say, and e does not depend on covariates X ¼ ðXð1Þ; Xð2ÞÞ or strata S.
The vector of regression coefficients b ¼ ðbð1Þ T ; bð2Þ TÞT is constant over strata,
and by analogy to Section 2 we consider the nested hypotheses H0 : bð1Þ ¼ 0pð1Þ
and H1 : no restrictions on b. Define q ¼ ðbT ; m1; . . . ; mm; a1; . . . ;amÞT , where
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as > 0, s ¼ 1; . . . ;m. The expected log likelihood is

Fðq; q1Þ ¼
Pm
s¼1

wsFðq; q1; sÞ

¼
Pm
s¼1

ws

Ð
Fðq; q1; x; sÞ Gðdx j sÞ

¼
Pm
s¼1

ws

Ð Ð
log ff ðy j x; s; b; ms; asÞg

� f ðy j x; s; b1; m1s; a1sÞ dy Gðdx j sÞ ð3:2Þ

where f ðy j x; s; b; ms; asÞ ¼ asf ðasyþ ms þ xbÞ denotes the probability density
function of the conditional distribution of Y given X and S, Gðdx j sÞ denotes the
conditional distribution of X given S, and w ¼ ðw1; . . . ;wmÞ denotes the probabil-
ity distribution of S. The distance between H1 and H0 can be measured by twice
the weighted average of the stratum-specific information gains,

G ¼ GðH1 : H0; q1; G;wÞ
¼ 2fFðq1; q1Þ �Fðq0; q1Þg

¼
Pm
s¼1

ws½2fFðq1; q1; sÞ �Fðq0; q1; sÞg� ð3:3Þ

where G ¼ fGðdx j 1Þ; . . . ;Gðdx j mÞg. Define q0 to be the value of q, which
maximizes the expected log likelihood (3.2) over all q satisfying H0 : bð1Þ ¼ 0pð1Þ .
A general definition of a stratified dependence measure based on information gain
is

r2
strat IG ¼ 1 �

Ym
s¼1

exp f�2Fðq1; q1; sÞg
exp f�2Fðq0; q1; sÞg

� �ws

¼ 1 �
Ym
s¼1

MsðY j XÞ
MsðY j Xð2ÞÞ

" #ws

¼ 1 � MstratðY j XÞ
MstratðY j Xð2ÞÞ

ð3:4Þ

where MstratðY j Xð2ÞÞ and MstratðY j XÞ denote the stratified residual randomness
of Y under the hypotheses H0 and H1, respectively. They are the geometric means
of the respective stratum-specific residual randomnesses.

When applying the construction principle for r2
strat IG to the stratified Cox model

(1.1) we can make use of the fact that h01ðtÞ; . . . ; h0mðtÞ are unspecified. That is,
any set of strictly monotonic increasing functions f1ð:Þ; . . . ;fmð:Þ can be applied
to T in the corresponding strata and fsðTÞ, s 2 f1; . . . ;mg, will still give the same
Cox regression coefficients as T . By accordingly choosing f1ð:Þ; . . . ;fmð:Þ it can
be ensured that the conditional distribution of T* ¼ fsðTÞ follows a Weibull dis-
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tribution within each stratum s 2 f1; . . . ;mg, so that pr ðT* > t j X ¼ x; S ¼ sÞ
¼ exp f�tas exp ðms þ xbÞg, for as > 0. By definition, the stratified linear regres-
sion model (3.1) is valid for log ðT*Þ, and the probability density function of the
corresponding error term follows a standard extreme value distribution. Given x
and s, the expected log likelihood for a standard extreme value distributed error
term is

Fðq; q1; x; sÞ ¼ log ðasÞ þ
as

a1s
g0ð1Þ þ bs � exp ðbsÞ g

as

a1s
þ 1

� �
;

where bs ¼ ms þ xb� ðas=a1sÞ ðm1s þ xb1Þ. By accordingly making use of formu-
las (3.2), (3.3) and (3.4) we end up with the stratified dependence measure
r2

strat W ¼ 1 � exp ð�GÞ, where the ‘‘W” in the subscript denotes the close relation-
ship to the Weibull distribution.
r2

strat W can be estimated in an analogous manner as the measure for the unstrati-
fied case, r2

W. Since it can be shown that r2
strat W does not depend on the choice of

m1s and a1s > 0, we set m1s ¼ 0 and a1s ¼ 1, s ¼ 1; . . . ;m. If the stratified cen-
sored survival data ðtsi; csi; xsiÞ ; s ¼ 1; . . . ;m; i ¼ 1; . . . ; ns;

P
ns ¼ n

� �
are gi-

ven, then a stratified Cox regression model under H1, that is no restrictions on b,
will yield the estimated vector ~bbstrat Cox; 1 of regression coefficients so that
~qq1 ¼ ð~bbTstrat Cox; 1; 0

T
m; 1

T
mÞ

T , where 0m and 1m are m-dimensional column vectors of
zeros and ones, respectively. Estimating G and w by their corresponding empirical
distributions yields an empirical expected log likelihood

Fðq; ~qq1Þ ¼
Pm
s¼1

ns
n

1

ns

Pns
i¼1

Fðq; ~qq1; xsi; sÞ
� 	

¼ 1

n

Pm
s¼1

Pns
i¼1

Fðq; ~qq1; xsi; sÞ ;

from where ~qq0 ¼ ð0Tpð1Þ ; ~bb
ð2ÞT
0 ; ~mm01; . . . ; ~mm0m; ~aa01; . . . ; ~aa0mÞT has to be obtained nu-

merically. If we plug in all these estimates into formula (3.3), we will get an
estimate for G so that finally ~rr2

strat W ¼ 1 � exp ð�~GGÞ. Note that if the sampling
scheme generates a strata frequency distribution different from the population of
interest, then an alternative estimate for w could be used. By analogy the same is
also valid for the distribution of X (Kent and O’Quigley, 1988, p. 530).

If the numbers of observations per stratum, n1; . . . ; nm, are too small, then nu-
merical convergence problems may occur when computing ~rr2

strat W. In our experi-
ence there should be at least five observations per stratum, although we would
recommend ns � 10, s ¼ 1; . . . ;m. We found hardly any connection between the
number of strata m and numerical convergence problems.

As in the unstratified case, an approximation r2
strat W;A for r2

strat W can be ob-
tained by considering the error term of model (3.1) to follow a standard normal
distribution. The information gain for the normal error model is given by

G ¼ w1 log ðs2
01Þ þ . . .þ wm log ðs2

0mÞ, so that r2
strat W;A ¼ 1 �

Qm
s¼1

ðs2
0sÞ

�ws . For

pð2Þ ¼ 0 we find s2
0s ¼ 1 þ bT1Wsb1, where Ws is the covariance matrix of X in

stratum s, s ¼ 1; . . . ;m, and the estimate for r2
strat W;A is found by plugging in
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~bbstrat Cox; 1, ~WW1; . . . ; ~WWm, and n1=n; . . . ; nm=n for b1, W1; . . . ;Wm, and w1; . . . ;wm,
respectively. For pð2Þ > 0 the expressions for s2

01; . . . ; s
2
0m are numerically cumber-

some, so that there is no computational advantage in using the approximation
r2

strat W;A instead of r2
strat W in this case.

An asymptotic ð1 � hÞ-confidence interval for r2
W has been suggested by Kent

and O’Quigley (1988, p. 530), which after some appropriate modifications is also
valid for the stratified dependence measures r2

strat W and r2
strat W;A, respectively. It is

defined as ½1 � exp f�max ð0; ~GG� z1�0:5h

ffiffiffiffiffiffiffi
~vv=n

p
Þg; 1 � exp f�ð~GGþ z1�0:5h

ffiffiffiffiffiffiffi
~vv=n

p
Þg�,

where z1�0:5h denotes the ð1 � 0:5hÞ-quantile of the standard normal distribution,
and

~nn ¼ ~ccT ~VVð11Þ~ccþ ~EE : ð3:5Þ
In order to define the single parts of formula (3.5) let ‘ðbÞ ¼ ‘1ðbÞ þ . . .þ ‘mðbÞ
denote the partial log likelihood of the stratified Cox regression model, let
~VV ¼ �f n�1@2‘ð~bbstrat Cox; 1Þ=@b @bTg�1 denote the inverse observed information

matrix per observation, let Ds ¼ ~aa0s=~aa1s and let Bsi ¼ ~mm0s þ xð2Þsi
~bb
ð2Þ
0

�Dsð~mm1s þ xsi~bbstrat Cox; 1Þ. Now ~VVð11Þ is the submatrix of ~VV, which corresponds to
the parameters bð1Þ of interest. In the case of r2

strat W,

~cc ¼ 2

n

Pm
s¼1

Ds
Pns
i¼1

f1 � gðDs þ 1Þ exp ðBsiÞg xð1ÞTsi , and ~EE is given by the sample

variance of f�2 log ðDsÞ � 2Dsg
0ð1Þ � 2Bsi þ 2 exp ðBsiÞ gðDs þ 1Þ; s ¼ 1; . . . ;m;

i ¼ 1; . . . ; nsg. On the other hand in the case of r2
strat W;A,

~cc ¼ � 2

n

Pm
s¼1

Ds
Pns
i¼1

Bsix
ð1ÞT
si , and ~EE is given by the sample variance of

f�2 log ðDsÞ þ D2
s þ B2

si; s ¼ 1; . . . ;m; i ¼ 1; . . . ; nsg.

Based on asymptotic considerations of Kent (1983, p. 168), the expression
pð1Þ~GG=~LL is suggested by Kent and O’Quigley (1988, p. 531) as an approximate
estimate of bias ð~GGÞ, where ~LL denotes the observed log partial likelihood ratio
statistic. This correction of the inflation of the estimated information gain is di-
rectly applicable to the stratified case as well by replacing ~LL by the observed log
stratified partial likelihood ratio statistic ~LLstrat ¼ 2f‘ð~bbstrat Cox; 1Þ � ‘ð~bbstrat Cox; 0Þg.
Hence, a bias-corrected estimate of the measure of dependence for the stratified
Cox regression model is given by ~rr2

strat W; bc ¼ 1 � exp f�~GGð1 � ½pð1Þ=~LLstrat�Þg. The
corresponding approximation ~rr2

strat W;A; bc is defined analogously.

4. Simulation Study

There are situations where it is valid to account for confounder variables alterna-
tively either by regression or by stratification. That is, both the unstratified partial
R-squared measure r2

W and the stratified R-squared measure r2
strat W are applicable

and we expect their values to be similar. This was explored in the following simu-
lation study.
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Suppose that a survival time outcome T and three covariates, Z1, Z2 and Z3,
have been observed, and the proportional hazards assumption holds for all three
covariates. Both Z1 and Z2 follow a standard normal distribution, whereas Z3 is a
qualitative factor with five levels. We want to measure the partial dependence
between survival time T and the covariates Z1 and Z2 after accounting for the
confounder Z3 either by regression or by stratification, respectively. In the former
case we will represent the 5-level categorical covariate Z3 by four 0/1-coded dum-
my variables, D1, D2, D3, and D4, and after fitting the unstratified Cox propor-
tional hazards regression model,

hðt j xÞ ¼ h0ðtÞ exp ðxð1Þbð1Þ þ xð2Þbð2ÞÞ ; ð4:1Þ
with X(1) ¼ (Z1, Z2) and X(2) ¼ (D1, D2, D3, D4), we can compute the according
estimate ~rr2

W. The other option is to stratify over the levels of Z3, so that

hsðt j xÞ ¼ h0sðtÞ exp ðxð1Þbð1Þ þ xð2Þbð2ÞÞ ; s ¼ 1 . . . 5 ; ð4:2Þ
with X(1) ¼ (Z1, Z2), X(2) is empty and S ¼ Z3. After fitting the stratified Cox mod-
el (4.2) we can compute the according estimate ~rr2

strat W.
For the simulation study we chose the regression coefficients bð1Þ ¼ ð1; 1ÞT . In

model (4.1) we used bð2Þ ¼ (log (1.25), log (1.5), log (1.75), log (2))T, which was
accordingly translated into h0sðtÞ ¼ ½1 þ 0:25ðs� 1Þ� h0ðtÞ for model (4.2),
s ¼ 1; . . . ; 5. For the sake of simplicity we set h0ðtÞ ¼ 1 and assumed no censor-
ing. A uniform distribution was assumed for the five levels of Z3, thereby apply-
ing the constraint ns � 5. Three different total sample sizes n ¼ n1 þ . . .þ n5

were considered, that is, 100, 200, and 500. The number of repetitions was set to
1000. The SAS (1996) software package was used for all numerical computations.
The results can be found in Table 1.

The values for ~rr2
W are slightly higher than that for ~rr2

strat W. The same is true
when we compare their normal approximations ~rr2

W;A and ~rr2
strat W;A, respectively.

Note that for numerical reasons no value for the unstratified partial measure could
be determined in 13 cases when n ¼ 100. The fact, that for symmetric distribu-
tions ~rr2

W;A is a slight overestimate of ~rr2
W, has been already noted by Kent and
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Table 1

Mean results of 1000 repetitions. ~rr2
W and ~rr2

strat W measure the partial dependence between T
and (Z1, Z2) after the effect of confounder Z3 has been accounted for by regression and by
stratification, respectively. ~rr2

W;A and ~rr2
strat W;A are approximations for ~rr2

W and ~rr2
strat W, respec-

tively. Sample size is denoted by n. The columns labelled ‘‘converged” show how often
numerical convergence was successfully attained

n ~rr2
W ~rr2

W;A converged ~rr2
strat W ~rr2

strat W;A converged

100 0.65 0.67 987 0.63 0.65 1000
200 0.65 0.67 1000 0.64 0.66 1000
500 0.65 0.67 1000 0.64 0.66 1000



O’Quigley (1988). It is not surprising that this is also valid for the stratified defi-
nition of the measure.

Next we considered Z1 to be the only covariate of interest. That is, in the case
of the unstratified model (4.1) X(1) ¼ (Z1) and X(2) ¼ (Z2, D1, D2, D3, D4), and in
the case of the stratified model (4.2) X(1) ¼ (Z1), X(2) ¼ (Z2) and S ¼ Z3. The
results of the corresponding simulations can be found in Table 2.

The structure of the results of Table 2 resembles that of Table 1. Again the
unstratified results are slightly higher than the stratified ones. The occurrence of
numerical non-convergence is more frequent in Table 2 than in Table 1. This is not
surprising since from a numerical point of view the situation considered in Table 2
is much more delicate than that in Table 1. Interestingly, numerical troubles have
been observed more often for the unstratified than for the stratified measures in
both tables.

5. Example: Lung Cancer Data

The Veteran’s Administration lung cancer data set (Kalbfleisch and Prentice,

1980) consists of survival time and various covariates for 137 males with inoper-
able lung cancer. Only 9 of the 137 survival times are censored. In the following
the continuous covariates age and Karnofsky performance index, and the qualita-
tive four-level-covariate histology will be considered. The crossing of the esti-
mated Kaplan-Meier survival curves formed by the four groups of histology (not
shown) indicates an obvious violation of the proportional hazards assumption. We
want to measure the dependence between survival of the veterans and the covari-
ates age and Karnofsky performance index after accounting for the possible con-
founding effect of histology by stratification. The numbers of observations within
the four strata are n1 ¼ 35, n2 ¼ 48, n3 ¼ 27, and n4 ¼ 27. After fitting of an
according stratified Cox regression model we find ~rr2

strat W ¼ 0.309. That is, the
covariates age and Karnofsky performance index are able to explain a proportion
of 0.309 of the randomness in the survival times, which is left after the effect of
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Table 2

Mean results of 1000 repetitions. ~rr2
W measures the partial dependence between T and Z1

after the effects of confounders (Z2, Z3) have been accounted for by regression. ~rr2
strat W mea-

sures the partial dependence between T and Z1, thereby accounting for the effects of Z2 by
regression and of Z3 by stratification, respectively. ~rr2

W;A and ~rr2
strat W;A are approximations for

~rr2
W and ~rr2

strat W, respectively. Sample size is denoted by n. The columns labelled ‘‘con-
verged” show how often numerical convergence was successfully attained

n ~rr2
W ~rr2

W;A converged ~rr2
strat W ~rr2

strat W;A converged

100 0.48 0.50 984 0.46 0.47 993
200 0.48 0.50 999 0.47 0.48 1000
500 0.48 0.50 1000 0.48 0.49 1000



histology has been accounted for by stratification. The merely moderate accuracy
of this statement is indicated by the rather wide 95% confidence interval, which
ranges from 0.166 to 0.428. The bias is negligible, ~rr2

strat W; bc ¼ 0:297. The normal
approximation ~rr2

strat W;A ¼ 0:336 is quite close.
If histology is ignored and an unstratified Cox model with covariates age and

Karnofsky performance index is fitted to the data, then the corresponding unstrati-
fied dependence measure ~rr2

W will yield a value of 0.285. The difference to the
result of the stratified analysis, ~rr2

strat W ¼ 0:309, is due to the fact that the assump-
tions for an unstratified analysis are incorrect. This difference is rather small in the
current example, although it may become considerably large in cases with more
severe violations of the proportional hazards assumption.

6. Discussion

The Cox model (Cox, 1972) has become the most popular regression model for
analysing censored survival data in medical research. Guided by the ideal of the
linear regression model with normal errors considerable efforts have been made to
transfer the concepts for linear model diagnostics and linear model checking to the
Cox model. Unfortunately, well-working and well-understood tools for the linear
regression model may become quite hard to handle within the framework of the
semiparametric Cox model. As shown in a detailed study by Schemper and Stare

(1996), there is not a single, simple, easy to calculate, useful, easy to interpret
R-squared measure for the Cox model. Quite on the contrary, various sensible
definitions exist and each of them is restricted to a specific limited area of applica-
tion.

The Kent and O’Quigley (1988) measure is certainly a reasonable choice in
order to quantify overall or partial explained variation in the Cox model. Its area
of application has been enlarged to the stratified Cox model in the present paper.
The measure has a sound theoretical basis, and the numerical effort for its compu-
tation is in the range of the effort for estimating the Cox model itself. Another
major motivation behind the Kent and O’Quigley (1988) measure is the invar-
iance to the population quantity under independent censoring. This also holds in
the stratified case. A drawback of the Kent and O’Quigley (1988) approach is its
limited utilisability in the case of time-dependent covariates. Although the inclu-
sion of such covariates into the Cox model is a straightforward and natural task,
the corresponding adaptation of the measure will be only possible for the quite
rare case of a population where the time-courses of these covariates are known
over the entire time range, and even then reasonable generalizations of the ex-
pected log likelihoods (2.2) and (3.2) would be difficult, thereby saying nothing of
the numerical computation of the corresponding estimates.

Finally, we would like to stress that situations in which the stratified Cox model
could be used are quite common in practice, whereas the actual use of the strati-
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fied model is much less frequent. Part of the reason is probably the fact that
proportional hazards assumption is often not thoroughly checked, and a common
unstratified Cox model is wrongly applied. Other researchers again may recognise
the need for dealing with non-proportional hazards but at the time avoid the usage
of the Cox model at all, since they may find the results of the stratified model
hard to interpret. We believe that having a measure that quantifies the partial effect
of the covariates in the stratified model could help to remedy such practice. Non-
proportionality of hazards is much more common than many researchers would
want to recognise, and the stratified model provides a simple and efficient tool to
deal with that (see for example O’Quigley and Stare, 2002).
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