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ABSTRACT

The common R2 measure provides a useful means to quantify
the degree to which variation in the dependent variable can be
explained by the covariates in a linear regression model.
Recently, there have been various attempts to apply the defi-
nition of the R2 measure to generalized linear models. This
paper studies two different R2 measure definitions for the
gamma regression model. These measures are related to
deviance and sum-of-squares residuals. Depending on the
sample size and the number of covariates fitted, so-called
unadjusted R2 measures may be substantially inflated, and
the use of adjusted R2 measures is then preferred. We study
several known adjustments previously proposed for R2 mea-
sures in regression models and illustrate the effect on the two
unadjusted R2 measures for the gamma regression model.
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Comparing the resulting measures with underlying population
values, we find the best adjustment via simulation.

Key Words: Adjusted R2 measures; Deviance; Sum-of-
squares; Shrinkage; Degrees of freedom; Predictive power;
Explained variation

1. INTRODUCTION

A measure of explained variation, also called an R2 measure, provides
information about a regression model that is in addition to the informa-
tion provided by parameter estimates and associated p-values. R2 summa-
rizes the predictive power of a regression model and gives the degree
to which variation in the dependent variable can be explained by variation
in covariates. R2 measures are frequently used in linear regression
and research has focused on their application in other familiar general-
ized linear models (1–7). Although R2 measures are frequently called
measures of the proportion of ‘‘explained variation’’, for generalized
linear models the term variation is not as obvious as in least-squares-
estimated linear regression, where it corresponds to variance. Several
equivalent definitions exist for the common linear model R2 measure,
which give different results if they are extended and then applied in other
modelling frameworks.

Regression models are often used to screen for prognostic factors, even
in situations when the sample size is small compared to the number of
covariates. By definition, the R2 value increases monotonically if covariates
are added to the model even if the added covariates are not correlated with
the interesting outcome. That is, unadjusted R2 measures can be substan-
tially inflated, jeopardizing the ability to draw valid interpretations. R2

values of more than 30% can easily be reached even when no association
between independent and dependent variables exists. The use of adjusted
R2 measures which penalize for the number of fitted parameters is well-
established in linear models. However, R2 measures for other models lack
an appropriate adjustment in general. For special cases, such as logistic and
Poisson regression models, adjustments have been proposed in the litera-
ture. Some of these adjustments are based on an analogy to linear regression
(1,4), some are based on methodical considerations (2,8), and others are
based on computational evaluation (3).

In this paper we propose an adjustment of the deviance-based R2

measure for generalized linear models, so that the expectation of the
adjusted R2 measure corresponds to the underlying population value.
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Futhermore, we show that the resulting adjustment coincides with the
adjusted R2 measure in linear regression and with already proposed adjust-
ments for R2 in logistic and Poisson regression.

In Section 2, we introduce two R2 measures for gamma regression
models; one based on deviances as a measure of variation and the other
based on the sum-of-squares. In Section 3, we introduce adjustments for the
R2 measures to reduce the bias of unadjusted R2 measures. In Section 4,
the results of a simulation study are shown comparing the unadjusted and
the adjusted R2 values to the underlying population value. Finally, some
aspects of R2 measures in general, and of the proposed adjustments in
particular, are discussed in Section 5.

2. GAMMA REGRESSION MODELS AND

UNADJUSTED R2 MEASURES

It is common to find data where the variance increases with the mean
(9). One special case applies if the coefficient of variation is assumed to be
constant, the typical situation for the application of gamma regression
models, where E(Y )¼�, varðYÞ ¼ �2=� and the coefficient of variation of
Y is

ffiffiffiffiffiffiffi
��1

p
. In this case we assume that all components of the dependent

variable Y are independent and identically distributed according to the
gamma distribution:

fY ð y;�, �Þ ¼
y��1 exp �y=�½ �

���ð�Þ
, y 	 0, � > 0, � > 0,

where �ð�Þ is the gamma function, � is the scale parameter and � determines
the shape of the distribution.

When �¼ 1 the gamma distribution reduces to the exponential
distribution, and if � is an integer it corresponds to the Erlang distribution.
For �¼ 2 and �¼ �/2 a w2-distribution with � degrees of freedom results and
a normal limit is attained as � !1:

Gamma regression is usually modelled using the reciprocal (canonical)
link function (�i)

�1
¼ xib, i¼ 1, . . . , n, where xi is the vector of covariates

and b is the parameter vector to be estimated with �0 as the intercept and
�1, . . . ,�k as the parameters for the k covariates.

The scaled deviance of gamma regression models is proportional
to twice the difference between the log-likelihood achieved under the
model of interest and the maximum attainable value in a saturated model.
This is given by Dð y; �̂�, �Þ ¼ �Dð y; �̂�Þ, with Dð y; �̂�Þ ¼ �2

P
iðlogð yi=�̂�iÞ �

ð yi � �̂�iÞ=�̂�iÞ:
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In linear regression the R2 measure can be defined using sum-of-
squares (10). A similar R2 measure can also be constructed for gamma
regression models:

R2
SS ¼ 1�

X
i
ð yi � �̂�iÞ

2

X
i
ð yi � ���Þ2

where �̂�i is the estimated value of the i-th observation under the full model,
when all covariates are fitted, and ��� is the mean of the dependent variable,
that is the expected value under the null model, when only an intercept is
fitted.

Another common definition for R2 measures in generalized linear
models is based on deviances (11), which is identical to R2

SS in linear models:

R2
D ¼ 1�

�Dð y; �̂�Þ

�Dð y; ���Þ
¼ 1�

X
i
½� logð yi=�̂�iÞ þ ð yi � �̂�iÞ=�̂�i�X
i
½� logð yi= ���iÞ þ ð yi � ���iÞ= ���i�

whereDð y; �̂�Þ andDð y; ���Þ are the deviances under the full and under the null
model respectively and � is assumed to be constant for the full and the null
model, so that it can be reduced. That is, � is either known or it is estimated
from the full model and this estimate is used for fitting the null model (1).

R2
SS and R2

D are related to the sum-of-squares and deviance residuals
in generalized linear models, respectively. R2

D increases monotonically if
covariates are added to the model, independent of any prognostic value.
This is not guaranteed for R2

SS in generalized linear models, although this
almost always seems to occur in practice (3).

3. ADJUSTED R2 MEASURES

As already noted the inflation of R2 measures can be considerable
when the number of covariates is large relative to a given sample size. R2

measures in linear models are adjusted by the degrees of freedom, so that
their expectations are unbiased when the true correlation is zero (12). The
same adjustment has also been suggested for logistic regression (2,13) and
for Poisson regression models (4). The suitability of this adjustment for R2

SS

and R2
D in gamma regression models is investigated here, with

R2
SS, df ¼ 1�

ðn� k� 1Þ�1
X

i
ð yi � �̂�iÞ

2

ðn� 1Þ�1
X

i
ð yi � ���Þ2

and
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R2
D, df ¼ 1�

ðn� k� 1Þ�1Dð y; �̂�Þ

ðn� 1Þ�1Dð y; ���Þ

Although the adjustment by the degrees of freedom is appropriate in linear
regression models when using the sum-of-squares approach, it may only be
approximately valid in gamma regression models and its behavior has to be
investigated in detail.

Another R2 adjustment results if shrinkage is applied to R2 measures.
Again in linear regression R2

SS, df ¼ � 
 R2
SS, where � is the shrinkage factor

(14–18) estimated by �̂� ¼ ðmodel 	2
� kÞ=ðmodel 	2

Þ. Here, model w2 is the
likelihood ratio w2 statistic for testing whether any of the k fitted covariates
are associated with the response. The shrinkage factor � reduces to an
expression, well known in linear regression �̂� ¼ ðSSR � k
2

Þ=SSR, where
SSR is the regression-sum-of-squares and 
2 will in practice be estimated
by the residual mean square. In gamma regression, model 	2

¼ �ðDð y; ���Þ �
Dð y; �̂�ÞÞ and the resulting shrinkage-adjusted R2 measures are denoted by
R2

SS, � and R2
D, � , respectively.

The shrinkage factor �̂� reaches its maximum value of nearly 1,
indicating no shrinkage, if the model is highly significant and the
model 	2 achieves a high value. The lower the model 	2 the closer is �̂� to
zero, indicating that the calculated R2 value is due to chance alone. Note
that under the null hypothesis of no covariate effects Eðmodel 	2

Þ ¼ k. If
model 	2 < k is estimated, then a negative shrinkage will result.

The resulting shrunken R2
D measure can also be rewritten in the

following form:

R2
D, � ¼

model 	2
� k

model 	2

 R2

D ¼
�Dð y; ���Þ � �Dð y; �̂�Þ � k

�Dð y; ���Þ

¼ 1�
Dð y; �̂�Þ þ k=�

Dð y; ���Þ

The likelihood-ratio statistic for testing all k explanatory covariates in
regression models is �½Dð y; ���Þ �Dð y; �̂�Þ� which follows approximately
a w2 distribution with k degrees of freedom under the null hypothesis of
no covariate effects. Therefore, �½Dð y; ���Þ �Dð y; �̂�Þ� has an expectation of
k and increasing Dð y; �̂�Þ by k/� results in EðR2

D, �Þ ¼ 0 under the null
hypothesis. Similar corrections for logistic and for Poisson regression
models have been proposed (2,8).

The estimation of � by maximum-likelihood is extremely sensitive
to rounding errors in very small values of the outcome (19; pp. 295–296).
Also, if the gamma assumption is false the coefficient of variation
is not consistently estimated. For these reasons the more robust
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moment estimator �̂��1
¼ ð

P
ifð yi � �̂�iÞ=�̂�ig

2
Þ=ðn� kÞ is preferred (19,20),

which is consistent for ��1, provided of course that b has been consis-
tently estimated. We therefore also calculate shrunken R2 measures
using the above robust estimation of �, denoted by R2

SS, �� and R2
D, �� ,

respectively.
In the following section all unadjusted and adjusted measures pro-

posed here are compared with the population values and with each other.

4. SIMULATION STUDY AND RESULTS

The performance of the two unadjusted and the corresponding
adjusted R2 measures was compared under various conditions for a
gamma regression model. Using the SAS procedure FACTEX (21), a fac-
torial design was produced for sample sizes of 16, 32, 64 and 16 384 [¼ 214]
with 1, 3 and 5 completely balanced dichotomous covariates centered
around zero with values �0.5 and 0.5. For simulations with five covariates
and a sample size of 16 only a fractional factorial design was produced as
there were too few observations for a factorial design with five covariates.
With the SAS function RANGAM (21), gamma distributed random vari-
ables were generated with mean �¼ [�0þ �1x1]

�1, �0 was set at the arbitrary
value 0.1. �1 was chosen so that R2

D values of 0, 0.2, 0.4, 0.6 and 0.8 in a
large sample with n¼ 16 384 under different shape parameters (�¼ 1, 5, 10)
were achieved. Only the first covariate x1 was assumed to influence �. The
prognostic effect of all other covariates was eliminated by setting
�2, . . . ,�k¼ 0. The SAS procedure GENMOD (21) was used to fit a
gamma regression to the data with inverse link, and a SAS macro was
written to do all subsequent calculations. The number of repetitions was
1000 for the sample sizes of 16, 32 and 64. The results of R2

SS and R2
D of the

large sample (R2
SS, ‘ and R

2
D, ‘) with one covariate were taken to be the true

values, respectively, because the estimations of the unadjusted and the
adjusted R2 measures are of essentially the same value.

The number of covariates (k), sample size (n), the population R2 and
the mean estimated R2 values, are listed for R2 measures based on deviance
in Tables 1 and 2 for �¼ 1 and 10, respectively. For R2 measures based on
sum-of-squares the results are listed in Tables 3 and 4 for �¼ 1 and 10,
respectively. For the sake of brevity, the results for �¼ 5 and R2

¼ 0.2, 0.6
are discussed but not shown in the tables.

In the tables it can be seen that in most critical cases with very
small sample size (n¼ 16) and many covariates (k¼ 5) both unadjusted R2

measures increase dramatically, especially for smaller population R2 values.
The unadjusted R2

SS and R2
D measures can reach values of 30% or even
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higher, when the model has no predictive capacity at all, that is the
population R2 equals zero. In all situations studied, R2

SS gives smaller values
than R2

D. The higher the population R
2 and the smaller � the bigger becomes

the difference, e.g., R2
D ¼ 80% and R2

SS ¼ 33% for �¼ 1, whereas R2
D ¼ 80%

andR2
SS ¼ 72% for �¼ 10. This is because R2

D andR2
SS are equivalent in linear

regression and as � increases, the gamma regression approaches a linear regre-
ssion and consequently the difference between R2

D and R2
SS becomes smaller.

The observed bias of the adjusted R2 measures presented here seems to
be negligible compared to the bias of the unadjusted measure. They all

Table 1. Summary of Adjusted and Unadjusted R2
D Values

(in Percent) with Dichotomous Covariates, �0¼ 0.1 and �¼ 1

R2
D, ‘ k n R2

D R2
D, df R2

D, � R2
D, ��

0 1 16 5 �1 0 0
32 3 �1 0 0
64 1 0 0 0

3 16 17 �3 3 2
32 8 �2 1 1
64 4 �1 0 0

5 16 28 �8 8 2
32 13 �4 1 1
64 7 �2 0 0

40 1 16 43 39 40 40
32 41 39 40 40

64 41 40 40 40
3 16 51 39 43 42

32 45 39 40 40

64 43 40 40 40
5 16 58 38 47 43

32 48 38 41 41

64 44 39 40 40

80 1 16 82 81 81 81

32 81 80 80 80
64 81 80 80 80

3 16 84 80 82 81
32 82 80 82 81

64 81 80 80 80
5 16 87 81 84 82

32 83 80 81 81

64 82 80 80 80
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represent an improvement over the unadjusted R2 measures. However,
because they generate values which are not always in agreement, the ques-
tion remains, which measure behaves best when compared to the large
sample estimate.

It can be easily seen that the adjustment based on shrinkage (R2
SS, � and

R2
D, �) does not perform well if the maximum-likelihood estimations for � are

used. R2
SS, � and R

2
D, � are too high for small sample size and many covariates.

The R2 measures using the more robust estimation of �, based on the
Pearson’s chi-squared statistic and the degrees of freedom, behave

Table 2. Summary of Adjusted and Unadjusted R2
D Values

(in Percent) with Dichotomous Covariates, �0¼ 0.1 and
�¼ 10

R2
D, ‘ k n R2

D R2
D, df R2

D, � R2
D, ��

0 1 16 6 0 1 0
32 3 0 0 0

64 2 0 0 0
3 16 20 �1 5 0

32 10 0 1 0

64 5 0 0 0
5 16 32 �2 11 1

32 16 0 3 0

64 8 0 1 0

40 1 16 44 40 40 40

32 41 39 39 39
64 41 40 40 40

3 16 51 39 42 40

32 45 39 40 39
64 42 40 40 44

5 16 59 38 46 39

32 49 39 41 39
64 44 40 40 40

80 1 16 82 81 81 81
32 81 80 80 80
64 80 80 80 80

3 16 84 81 82 81

32 82 80 80 80
64 81 80 80 80

5 16 87 80 83 80

32 83 80 81 80
64 81 80 80 80
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much better. Therefore, R2
SS, �� and R

2
D, �� are preferrable to R

2
SS, � and R2

D, � ,
respectively.

R2
D, df usually gives smaller values than R2

D, � and R2
D, �� , especially for

smaller �. R2
D, df tends to underestimate the true value, which may only be

serious if R2 and � are small and the sample size is small relative to the
number of covariates, e.g., for R2

¼ 20%, �¼ 1, n¼ 16 and k¼ 5 the mean
value of R2

D, df is 15%. In conclusion, R2
D, �� behaves best of all adjusted R

2

measures based on the deviance.

Table 3. Summary of Adjusted and Unadjusted R2
SS Values (in

Percent) with Dichotomous Covariates, �0¼ 0.1 and �¼ 1. For the
Comparability of Deviance-Based and Sum-of-Squares Measures R2

D, ‘

Is Also Given

R2
D, ‘ R2

SS, ‘ k n R2
SS R2

SS, df R2
SS, � R2

SS, ��

0 0 1 16 6 �1 �1 0

32 3 0 0 0
64 1 0 0 0

3 16 23 4 3 3

32 10 1 1 1
64 5 0 0 0

5 16 46 19 11 3

32 19 4 2 1
64 9 4 0 0

40 26 1 16 34 29 31 31
32 30 28 29 29
64 28 27 28 28

3 16 54 42 44 44
32 40 33 36 36
64 33 29 31 31

5 16 81 72 64 58
32 53 43 45 44
64 38 33 35 35

80 33 1 16 43 39 43 43
32 39 37 38 38
64 36 35 36 36

3 16 62 53 60 60
32 47 42 46 46
64 40 37 40 40

5 16 88 82 85 83
32 60 53 59 59
64 45 41 45 45
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For R2
SS none of the adjustments is completely satisfactory, e.g.,

for n¼ 16 and k¼ 5 the achieved values for all � are much higher
than the large sample results. However if the sample size is moderate
compared to the number of covariates fitted, e.g., for k¼ 3 and n	 32
or for k¼ 5 and n	 64, R2

SS, df and R2
SS, �� are both acceptable. R2

SS, �

is not recommended because of the estimation of � by maximum-
likelihood.

Table 4. Summary of Adjusted and Unadjusted R2
SS Values (in

Percent) with Dichotomous Covariates, �0¼ 0.1 and �¼ 10. For the
Comparability of Deviance-Based and Sum-of-Squares Measures R2

D, ‘

Is Also Given

R2
D, ‘ R2

SS, ‘ k n R2
SS R2

SS, df R2
SS, � R2

SS, ��

0 0 1 16 7 0 1 0

32 3 0 0 0
64 2 0 0 0

3 16 20 0 5 0

32 10 0 1 0
64 5 0 0 0

5 16 34 0 11 1

32 17 0 3 0
64 8 0 1 0

40 38 1 16 42 38 39 39
32 40 38 38 38
64 39 38 38 38

3 16 52 40 43 40
32 45 39 40 39
64 41 39 39 39

5 16 62 43 48 41
32 50 40 42 40
64 44 39 40 39

80 72 1 16 75 73 74 74
32 73 72 73 73
64 72 72 73 72

3 16 81 77 79 78
32 76 74 75 75
64 74 72 73 73

5 16 88 82 84 81
32 80 76 77 77
64 75 73 74 74
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5. DISCUSSION

In all regression models the use of adjusted R2 measures are recom-
mended since unadjusted R2 values increase monotonically as the number of
covariates increase, even if those added covariates have no prognostic value
at all. This rather undesirable property of R2 can result in artificially high
values and may discourage investigators from searching for further prog-
nostic factors.

We have reviewed the same adjustments for both types of R2 measures,
R2

SS and R2
D, as Cameron and Windmeijer (1) showed that the concepts of

deviance, maximum likelihood estimation and Kullback-Leibler distance are
similar in function to the concept of residual sum-of-squares and least-
squares estimation in linear models. Therefore, the same correction may
make sense for R2 measures based on sum-of-squares and for R2 measures
based on deviance residuals. However, the difference between R2 measures
based on deviances and R2 measures based on sum-of-squares may differ
substantially. As such, the calculation and comparison of both measures is
advised.

A general advantage of the deviance as a measure of variation is that it
is optimized by the fitting process and it is additive for nested models if
maximum likelihood estimates are used. For this, R2 measures based on the
deviances are favored by many researchers (1,4,6). The correction by degress
of freedom is an ad-hoc method and accepted from linear models, whereas
methodical arguments and the simulation study favor the shrinkage of R2

measures when the robust estimation of � is used.
Although sum-of-squares are not optimized by the fitting process

and may not be additive for nested models, the use of the corresponding
R2 measures may be favored because of the more direct interpretability of
sum-of-squares than of deviances (2,3,5,19,22). All proposed adjustments of
R2

SS are rather ad-hoc methods accepted from similarity to linear regression.
These adjustments work well in situations where the sample size is not
too small compared to the number of covariates fitted. An adequate bias
reduction for other situations may only be achieved using computationally
intensive methods, e.g., the use of a jack-knife estimator has been suggested
(3) to correct the bias of a generalization of the multiple correlation
coefficient which is similar to R2

SS.
Usually the range of an adjusted measure of explained variation also

includes negative values, as the adjustments are always based on expected
values under the null hypothesis in which covariates exert no effect. In
practice, a negative R2 value has the same meaning as a value of zero,
indicating that there is no explained variation at all.
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But if the model fit is significant, R2 measures should give positive
values. Also, if a significant factor is added to a model, then the R2 measure
should increase. This is always true for R2

D, R
2
D, � and R2

D, �� but not neces-
sarily for the other R2 measures, although in practice this will happen in
most situations.

In conclusion, the use of R2 measures give additional insight to the
data, additional to parameter estimates and p-values. R2 measures help to
summarize the predictive power of a model. If investigators evaluate the
effect of large numbers of covariates, the unadjusted R2 measure may
become a substantially misleading tool. The use of an adjusted R2 measure
is recommended in general.
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