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Summary

The proportion of explained variation in logistic regression can be expressed by the multiple R? origin-
ally developed for the general linear model (cf. MITTLBOCK and SCHEMPER (1996)). In this paper we
present a detailed investigation of this measure in small samples and/or with many covariates and
propose either of two adjustments, one being a direct analogue of Rﬁdj of the general linear model, and
the other being based on shrinkage. Furthermore, we explore the use of bootstrap confidence intervals
and give a table of the expected variability of estimates of explained variation for samples of varying
sizes. We recommend to quantify gains of predictive precision due to prognostic factors by both rela-
tive and absolute measures. For binary outcomes the components of the relative measure, R, are suita-
ble absolute measures of predictive precision. They are interpretable as average absolute residuals con-
ditional on using prognostic factors and without such information. We motivate application of the
presented measures by the statistical analysis of a study of physical characteristics of urine possibly
related to the presence of calcium oxalate crystals.

Key words: Prediction error; Predictive accuracy; Proportion of explained variation,
R? measures; Shrinkage

1. Introduction

Analyses of prognostic factors in studies of dichotomous outcomes are most often
based on the logistic regression model. The results derived from such analyses
comprise point estimates and confidence intervals of the relative risk associated
with prognostic factors, and, corresponding p-values. By restricting analysis of a
data set to these measures, a medical investigator may miss important additional
information on the extent to which prognostic factors actually determine the out-
come for a patient, or similarly, how much is known about the etiology of dis-
eases or of their further development. Such questions can be suitably addressed by
measures of the proportion of variation of a dependent variable explained by prog-
nostic factors and by measures of predictive precision with and without prognostic
factors.
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MITTLBOCK and SCHEMPER (1996) and MENARD (2000) reviewed several candi-
dates for a suitable measure of explained variation for logistic regression which
have been proposed or included in major software packages. MITTLBOCK and
SCHEMPER (1996) found that two of these — squared Pearson correlation between
the binary outcome and the predictor, and, the proportional reduction of squared
Pearson-type residuals by the use of covariates, Ri; — give almost identical re-
sults, give approximately the same values as the multiple R> of the general linear
model (GLM), when both models are suitable, and have an intuitively clear inter-
pretation. Though either of these two measures can be recommended for practical
use, for simplicity the discussion will now be limited to R%.

KVALSETH (1985) proposed eight criteria for a “good” R? statistic for the linear
model and concluded that Rés should be preferred over other R?> definitions, also
for non-linear regression models. MENARD (2000) applied Kvalseth’s criteria to
logistic regression and, in particular, found that R% violates criterion one: ‘R’
must possess utility as a measure of goodness of fit and have an intuitively reason-
able interpretation’. In this context MENARD (2000) criticises that R%s depends on
the base rate p (1) and that it is not optimised by the fitting process (2). Further-
more, in an investigation of R* for binary responses, Cox and WERMUTH (1992)
criticise that R? tends to be low even for an underlying perfect regression relation-
ship (3).

If Rgs is viewed as a measure of goodness of fit, in the sense of systematic
departures of observed and expected proportions, all three properties are disturb-
ing. However, viewing R’ as a measure of explained variation (KORN and SIMON,
1991), they are quite natural. Explained variation aims at quantifying how much
the prediction error is reduced when using covariates compared to when not using
them.

In response to Menard’s first criticism, the sensitivity of R to the base rate or
prevalence of an outcome level also is seen as a strength because the practical
importance of covariates, their “real-world value” (HILDEN, 1991; AsH and
SHWARTZ, 1999), does depend on the prevalence of the problem in the target po-
pulation. To be more specific, if p is around 0.5 total variability is high and cov-
ariates may explain more of the uncertainty than if the outcome is already pretty
much determined by p, i.e., if p is close to zero or one. This isssue will be
resumed in Section 4.

In response to Menard’s second criticism: in the fitting process of logistic re-
gression a sum of weighted squared differences of observed and predicted out-
come values (‘raw residuals’) is minimised (MCCULLAGH and NELDER, 1989; p. 6).
While this approach is optimal with respect to efficiency of parameter estimation,
the unequal weighting of raw residuals and thus of individuals harms the intuitive
appeal of related measures of explained variation (WILLET and SINGER, 1988). We
think that fitting a statistical model and judging its explanatory capacity for real
life are distinct tasks. For the latter purpose agreement of fitting criteria and of
measures of explained variation is not required. ZHENG and AGRESTI (2000) point



Biometrical Journal 44 (2002) 3 265

out that R?>-type measures for logistic regression based on the likelihood function
are optimised by the fitting process but for the price of losing a natural scale of
interpretation.

In response to the concern by Cox and WERMUTH (1992), assume binomial data
40/100, 50/100 and 60/100 corresponding to values 0, 1 and 2, respectively, of a
covariate. They are fitted perfectly by logistic regression, Hosmer and Lemeshow’s
goodness of fit test being totally insignificant. However, viewed on an individual-
by-individual basis the observations are all zeros and ones while the predictions
are either 0.4, 0.5 or 0.6. Thus knowledge of the particular covariate value reduces
little of the uncertainty of an individual result. While the goodness of fit is perfect
for this model, the explained variation is low. Only if there exists a critical value
of a covariate below/above which no/all experimental units respond, should a mea-
sure of explained variation reach a value of one.

The purpose of this contribution is to present adaptations of estimates of ex-
plained variation by R for use in small samples (Section 2). All unadjusted R*-
type measures are biased and their bias increases with an increasing number of
covariates and with decreasing sample size. In Section 3 confidence intervals are
presented. Section 4 deals with absolute measures of predictive precision, which
are components of the relative R>-type measures and improve their interpretation.
In Section 5 the performance of the methods is investigated by means of a Monte
Carlo study and Section 6 motivates application of the presented methods by
means of an example.

2. Estimating Rés in Small Samples with Many Covariates

We observe a sample of n observations (y;,x;),i=1,...,n, where y; € {0, 1}
denotes the dependent variable and x; a corresponding covariate vector. The esti-
mates from a logistic regression are given by Prob(y; = 1|x;) = p; = exp (Bx;)/
(1 + (exp fx;)) with B denoting the estimated parameter vector. Furthermore,
Prob(y;=1)=p =3 yi/n.

Explained variation in logistic regression can be defined by the proportional
reduction in dlspersmn of the dependent variable: R3¢ = 1 — SSE/SST where SST
=2 (- ) and SSE =3~ (yi — Pl) l<i<n

In the GLM the unsuitable property of inflation of R?-measures if the number
of covariates k is large relative to a given sample size n can be avoided by using
R?- adjusted Raa’/ For logistic regression we consider two different ‘adjusted mea-
sures’, which are motivated by the ratlonale underlying the de of GLM:

One is Rss agj =1~ [SSE/(n —k — 1)]/[SST/(n —1)] which is formally identi-
cal with the common definition of R2,. The other formulation derives from
Rﬁd = R%y of the GLM, where y = (F — 1) /F is termed the shrinkage factor and
F 1s the usual F-ratio statistic for testing whether any covariates are associated
with the dependent variable y (cf. Copras (1997), HARRELL et al. (1996), and VAN
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HOUWELINGEN and LE CESSIE (1990)). Because shrinkage in logistic regression is
usually estimated by ¥y = (modelx — k)/model %, we suggest an R’-adjusted,
better termed ‘R*-shrunk’, Rss o= yRSS in analogy to the definition of de given
previously for the GLM. The model % is the total likelihood ratio %> statistic for
testing whether any of k covariates are associated with dependent variable y (cf.
HARRELL et al. (1996)).

Note that under the null hypothesis of no covariate effects E(model %) = k.
If model > < k then ¥ < 0 and therefore Rss o €an become negative as well as
Rgs,adj and the de of the GLM. However, quantifying the explained variation
of a totally 1ns1gn1ﬁcant model is of little interest. Therefore the possibility that
RSS o and RSS aqj could become negative is not considered a disadvantage for
application. As the conditions under which de was derived (normality and
homoscedasticity of residuals, unweighted least-squares estimates of parameters)
do not hold for logistic regression, the analogous adjustments used with RSS shr
and R o are only considered as approximate. Therefore, it was important to
subject Rss o and Rss aqj 10 an extensive empirical study, which is presented in
Section 5.

3. Confidence Limits for Measures of Explained Variation in Logistic Regression

While in the GLM analytic formulae are known for confidence intervals of R (see
HEeLLAND (1987)) no analogous solution seems achievable for logistic regression.
We therefore considered the bootstrap (cf. SHAO and Tu (1995) and DAvVISON and
HINKLEY (1997)) based on resampling of observation vectors, the ‘paired boot-
strap’, and construction of confidence intervals by the percentile, the BC and the
BCa methods. For an intended coverage of (1 — o), the simple percentile interval
is obtained by determining the o/2-th and the (1 — a/2)-th percentile of N (say
1000) bootstrap replicates of RL%S. i OF Rg& aqi- The empirical performance of the
bootstrap procedure is investigated in Section 5.

4. Additional Information from the Components of R

Usually, in applied statistics, interpretation of a relative measure requires knowl-
edge of its absolute components. For example, when citing a relative risk of 2,
say, this may refer to an increase of event rates from 10% to 20% but also applies
to an increase from 0.1% to 0.2%. Often only the former situation will be consid-
ered of practical relevance. As the relative effect measure is the same in both very
different situations, it is important to also consider corresponding absolute risks
when reporting relative risk.

A related problem is the interpretation of explained variation by the relative
measure R§S. If, for a certain study population, unconditional prediction is already
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precise, i.e., if the denominator of R is small because of p being close to 0 or 1
(homogeneous population), we cannot improve much by using further covariates.
If p is about 0.5 (heterogeneous population) and covariate effects are strong then
the RZ, will be high compared to the Rz, for a homogeneous stratum within the
cited population. For such a stratum no strong covariates may be available, but
unconditional prediction can be reasonably precise. Thus, with increasing knowl-
edge and increasing tendency to study more homogeneous subpopulations, a rela-
tive measure of explained variation, such as R§S, will tend to decrease. However,
with increasing understanding of diseases, one should expect explained variation
to increase. The obvious contradiction can be resolved by citing values of an
absolute measure of prediction error for the null model without covariates and for
the full model.

The absolute components of Rés, MSE (= SSE/n) and MST (= SST/n), are
average squared residuals or distances on the probability scale and thus have no
intuitive interpretation. Average absolute residuals, conditional on the use of cov-
ariates, D, =n"' 3" |yi — pi|, or without such information, D =n""'3" |y; —p|,
would be preferable.

Fortunately, for binary outcomes y it can be shown that

D=n"'Y lyi—pl=2n""3 (yi—p)* = 2MST

and

Dy=n""Y |yi—pil =203 (v — pi)* = 2MSE.

This remarkable relationship of absolute and squared error with binary data can
be verified by setting y; = 1 and y; = 0, np and n(1 — p) times, respectively.

Therefore, alternatively, R%; = (D — D,)/D. Now the components of R%; mea-
suring the prediction errors D and D, are directly interpretable on the scale of
proportions.

In Section 2 we have presented shrunk and adjusted versions of R§S. In small
samples the MSE component of R is biased towards zero. One could either use
an adjusted version of MSE (MSE,; = SSE/(n — k — 1)) or obtain a properly in-
flated version of MSE, termed MSEy,,, MSEy, = MST(1 —y) — MSE¥ from
RéS,shr =¥ (MST — MSE)/MST assuming MST not being affected by shrinkage.
Thus, for no shrinkage occurring (Y = 1), MSEy,, = MSE while from y =0
MSEg;,, = MST follows. Therefore, a better estimate of the average conditional
prediction error in small samples is Dy 4 = 2MSEq; or Dy g, = 2MSEg,,.

5. Empirical Investigations
The purpose of this section is to describe the performance of the procedures intro-

duced in previous sections and, based on these, to make suggestions on their use
in practice.
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The topics covered by our Monte Carlo study are:

1. Unbiasedness of small sample adjustments

2. Coverage by bootstrap confidence intervals

3. Variability of estimates of R%g

We have included the third item because the expected variability of estimates of
R3¢ depending on sample size (and other factors) may be of interest when the
effort involved in obtaining confidence intervals is not considered worth while.

In our simulation project we have investigated logistic regression models with
dichotomous [0,1] and with uniformly (0—1) distributed covariates x. Values of the
dependent variable y, 1 and 0, were generated with probabilities

P= exp(bo +> bjxj>/[1 + exp (bo > bjxj)} where 1 <j<k,
J J

and 1 — P, respectively, using the random number generator GOSCAF of NAG
(1998). Values of the parameters by and b; were chosen in such a way that the
underlying population R, would be 0, 0.1, 0.2, 0.4 and 0.6 and underlying
p=0.5 and 09. For experiments with k > 1 covariates the parameters b;
(2 <j < k) were taken to be zero in the underlying population. Results for each
experimental condition are based on 1000 simulated samples and, for investiga-
tions of the coverage of confidence intervals on 1000 bootstrap replications each.
Due to the magnitude of the Monte Carlo study and in order not to confuse the
reader we shall present only the most typical results in tables but comment on
how further experimental results agree with these.

From Table 1 we learn that the performance of Rss aqj and of Rss o 18 equally
satisfactory. The unadjusted estimate of R Ss 1S consistently inflated and therefore
not recommended. As shown by Table 1 it reaches a mean value of 0.15 for a
population value of 0.0 if £k =15 and n = 100. No different conclusions were
drawn from experiments with p = 0.9 or with other types of covariates.

Coverage probabilities from one-sided lower (extending to —oo) and upper (ex-
tending to oo) confidence intervals are based on the paired bootstrap of R -
using 1000 replications for the percentile method. Table 2 indicates that the ob-
served coverage probabilities are not always close to the nominal ones — in parti-
cular for the case with many covariates — but still such confidence intervals per-
mit a judgement of the range of underlying R§S-Values compatible with a sample.
Results do not change substantially with different covariate distributions, an under-
lying p = 0.9 or with bootstrapping R _aqj Instead of Rss shr-

The reader will recognize that we present results for Rg; = 0.1 instead of
R%g = 0.0. In the presence of Rig-values close to zero, which implies a completely
insignificant regression model, confidence intervals become anti-conservative.
However, there is little use of a model — and of a confidence interval for R3, —
which has no predictive or explanatory capacity at all.

Results for the BC and BCa methods are not given but these methods almost
always were outperformed by the simpler percentile method.
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Table 1

Comparison of estimates by R, R%s, aqj @nd Rﬁthr

Population R% (x 100)

k n 0 20 40 60
5 100 50 0 242020 434039 636158
5 200 30 0 222020 424039 61 6059
5 500 10 0 212020 414040 60 60 60
10 100 100 1 282019 464137 6561 57
10 200 50 0 242020 434039 626058
10 500 20 0 222020 424040 61 60 59
15 100 150 1 332219 534240 — — —
15 200 80 0 262019 454139 6461 57
15 500 30 0 222020 424039 61 6059

2

269

Note: All estimates (x 100) are given as triplets (Rgg, Rg‘S,ad/” R ) and are averages from
1000 simulated trials with expected p = 0.5 and k dichotomous covariates. Due to the fre-
quent occurence of separation for k=15, n =100 and underlying R%; = 0.6 we do not
present these results.

Summarising, the results permit a cautious recommendation of the bootstrap
percentile method. Currently, there appears to be no more accurate or computa-
tionally less involved alternative. Improvements could be an area of further

research.

However, as the use of R*-measures is mainly descriptive, for many practical
situations only a rough idea of the variability of such measures may be needed.
Therefore we supply such information for R . in Table 3. The estimators R .

Table 2

Coverage probability (x100) of one-sided lower/upper (1 — a)% bootstrap confidence inter-
vals for R§S using estimates by R§S> hr

Population R%; x 100

k (1-a)% 10 20 40 60

1 99.5 100/99  100/100  99/100 100/99
1 975 98/98  98/99  97/97  98/96
1 95 95/96  95/96  95/94  96/93
5 99.5 100/99 100/99  100/99 100/99
5 975 100/95 100/96  99/94  99/96
5 95 99/92  98/92  97/93  96/93
10 99.5 100/97 100/98  100/98 100/98
10 975 100/90 100/96  99/94  99/96
10 95 100/84  98/92  98/90  98/93

Note: All estimates (x 100) are based on 1000 simulated trials of n = 200 with expected
p = 0.5 and dichotomous covariates.
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Table 3
Expected standard deviations of estimates using R

Population R%g (x 100)

5 20 40 60

n p k= 1 10 1 10 1 10 1 10
50 05 7 11 12 13 14 13 14 11
100 05 5 6 8 8 10 10 10 10
200 05 3 4 6 6 71 7 1 1
200 09 5 7 10 10 11 12 12 11
500 05 2 2 4 4 5 4 4 4
500 0.9 3 4 6 6 71 7 1 1
1000 05 1 1 3 3 3 3 3 3
1000 0.9 2 2 4 4 5 5 5 5

Note: All estimates of standard deviations (x 100) are based on 1000 simulated trials.

and Rés, qqj Ar¢ almost identical in this respect. We recognize the obvious effect of
n, some effect of p, and almost no effect of k. The variability produced by under-
lying R is analogous in shape to the variability of proportions, i.e., it is highest
around 0.5. The effect of covariate distributions was negligible. In Table 3 results
for p =0.9 and n < 100 are omitted due to frequent non-convergence in the fit-
ting process due to separation.

6. An Example and Concluding Remarks

We motivate the use of explained variation in logistic regression for prognostic
factor studies by a clinical example. A study of n =77 completely documented
urine specimens (ANDREWS and HERZBERG (1985)) was analysed to determine if
certain physical characteristics of the urine might be related to the presence of
calcium oxalate crystals. The investigated physical characteristics were:

(1) specific gravity, the density of urine relative to water; (2) pH, the negative
logarithm of the concentration of the hydrogen ion; (3) osmolarity is proportional
to the concentration of molecules in solution; (4) conductivity is proportional to
the concentration of charged ions in solution; (5) urea concentration in millimoles
per litre; and (6) calcium concentration in millimoles per litre. Some of these
characteristics are highly correlated. For computational reasons specific gravity
was multiplied by 100 and all variables were standardised to a mean of zero.
Table 4 gives standard results by logistic regression analysis.

These results do not tell anything about the degree to which prediction errors
are reduced if physical characteristics are taken into account. Such information is
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Table 4

Standard analysis results of urine data

Factors Odds Ratio  (95% Confidence Limits) P
Specific Gravity 1.43 (0.92-2.21) 0.11
PH 0.61 (0.20-1.86) 0.38
Osmolarity 1.02 (0.98-1.05) 0.35
Conductivity 0.65 (0.40-1.06) 0.08
Urea Concentration 0.97 (0.94-1.00) 0.05
Calcium Concentration 2.19 (1.36-3.52) 0.001

provided by measures of explained variation and predictive accuracy. In our exam-
ple R ,q; = 0.48 and R ;. = 0.45, the latter meaning that the regression model
can explain 45% of the variation of the dependent variable, presence of calcium
oxalate crystals. The unadjusted large sample estimate R, = 0.52 is inappropriate
here.

We have applied the measures Rés., aqj A0d R, to the analysis of several clin-
ical studies of binary outcomes at the Vienna University Medical School and
found that values of 0.4 and above already indicate “high” explained variation.
Often, despite highly significant covariates and impressive estimates of their rela-
tive risk, explained variation will be substantially lower.

Two-sided 95% confidence limits for R%, obtained according to the bootstrap
of Section 3 are 0.31 and 0.71. The width of this confidence interval is in
agreement with the expected standard deviations of estimates from R, of
Table 3. ’

We also cite the components of Rgg . and thus quantify the estimated predic-
tion error with the use of prognostic factors (Dy,snr = 0.27) and without (D =
0.49). The prediction error is reduced from 0.49 to 0.27, taking into account the
small sample size.

We think that reporting both relative (RS ,; or Rgg ) and absolute mea-
sures (D and D,) of predictive accuracy is helpful in summarising the degree to
which individual outcomes are determined by prognostic factors within a given
model.

For routine evaluation of predictive accuracy and explained variation in logistic
models a SAS macro is available at

‘http://www.akh-wien.ac.at/imc/biometrie/evlogist.htm’.
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