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Abstract—Topological and metric properties of Voronoi poly
hedra~VP! generated by the distal end points of terminal se
ments in arterial tree models grown by the method of c
strained constructive optimization~CCO! are analyzed with the
aim to characterize the spatial distribution of their supply si
relative to randomly distributed points as a reference mo
The distributions of the numberNf of Voronoi cell faces, cell
volume V, surface areaS, areaA of individual cell faces, and
asphericity parametera of the CCO models are all significantl
different from the ones of random points, whereas the distri
tions of V, S, and a are also significantly different amon
CCO models optimized for minimum intravascular volume a
minimum segment length (p,0.0001). The distributions o
Nf , V, andS of the CCO models are reasonably well appro
mated by two-parameter gamma distributions. We study sca
of intravascular blood volume and arterial cross-sectional a
with the volume of supplied tissue, the latter being represen
by the VP of the respective terminal segments. We obse
scaling exponents from 1.2060.007 to 1.0860.005 for intra-
vascular blood volume and 0.7760.01 for arterial cross-
sectional area. Setting terminal flows proportional to the as
ciated VP volumes during tree construction yields a relat
dispersion of terminal flows of 37% and a coefficient of ske
ness of 1.12. ©2003 Biomedical Engineering Societ
@DOI: 10.1114/1.1566444#

Keywords—Voronoi cell, Gamma distribution, Lognormal dis
tribution, Scaling, Blood flow, Relative dispersion, Compu
simulation.

INTRODUCTION

Arterial trees serving an organ fulfill the basic phys
ological task to deliver blood to and remove metabo
end products from the tissue they supply. During the l
decades arterial trees have been the subject of nume
modeling studies, ranging from self-similar fract
approaches15,56 and anatomically derived branching tub
models7,28,55 to combined geometric and functional va
cular growth models.18,32,47 Still another approach is
taken by the method of constrained constructive opti
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zation ~CCO!.48,49 Based on the hypothesis of optim
design,45 CCO allows to generate arterial tree models
some 104 vessel segments from a feeding artery down
small arteries without directly using anatomical data. D
spite the numerous simplifying assumptions inherent
this model, CCO trees exhibit a realistic visual appe
ance and quite satisfactorily reproduce various proper
of real arterial trees, such as branching angle statistic50

diameter ratios of parent and daughter segments, and
volume of the large arteries.26

Concerning the relationship between structure a
function of arterial trees serving an organ, one import
characteristic of a tree model is the spatial distribution
its terminal blood supply points.32 The characterization
of spatial structures is a challenging issue,16 and various
approaches have been suggested in the literature, inc
ing nearest-neighbor distance methods,44 second-order
analysis ~pair correlation function!,52 and fractal
descriptions.29 In this paper, we consider the termin
locations of CCO trees as a point pattern and apply
method of Voronoi analysis to characterize its spa
distribution.

The Voronoi polyhedron associated with a cent
~generating! point P is defined as the convex region o
space closer toP than to any other pointP8 of a given
set of points. The Voronoi tessellation of a set of distin
points leads to a partition of space into convex nonov
lapping polyhedra that completely fill the space. Voron
tessellations originally emerged in the context of
number-theoretical problem12,58 and have since then bee
successfully applied as a model in such diverse fields
science as physics~liquid structure,37,43 crystal growth!,35

biology ~cellular patterns!,20 and medicine ~capillary
domains!.21 In particular, Kurz and Sandau32 have pro-
posed the assessment of the end-point distribution a
important characteristic of vascular trees and us
Voronoi tessellations to describe the apparent end-p
distribution of arteries in the chorioallantoic membra
of chicken eggs.

Here, we are interested in various topological a
metric properties of the Voronoi polyhedra~VP! associ-
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549Voronoi Analysis of Arterial Tree Models
ated with the distal end points of terminal segments
CCO trees. Since Voronoi tessellations generated
purely randomly distributed points in two- and thre
dimensional space~so-called Poisson–Voronoi tessell
tions! have been extensively studied in th
literature,19,30,31,35we use this model as a reference.
particular, we address the question how different mo
of tree optimization affect the shape of the resulting V
As an application, the Voronoi tessellations are used
assign the region of supplied tissue to each term
segment in a quite natural and unambiguous way.
comparison of model predictions with experimental d
we consider scaling relations between intravascular bl
volume and arterial cross-sectional area with the volu
of supplied tissue. In a further application, we presen
modification of the algorithm of CCO, namely to s
terminal flows proportional to the associated VP volum
during tree generation.

This paper is organized as follows: In the next sect
we briefly summarize the method of CCO and the alg
rithm used for the construction of Voronoi tessellatio
and describe the quantities calculated from the VP. In
following sections we present and discuss the res
obtained and summarize the conclusions drawn.

METHODS

The Algorithm of Tree Generation

CCO trees, originally introduced in a two-dimension
framework,48,49 constitute some kind of synthesis b
tween rule-based fractal approaches and models dire
derived from the anatomy of real arterial trees: CC
employs the principle of optimal design,45 which has
long been hypothesized in the literature to hold for sin
bifurcations of arterial trees.36,62 In an ‘‘ab initio’’ like
fashion, CCO trees are constructed from a single r
segment by subsequently adding new terminal segm
from randomly chosen positions within the geomet
model of the perfusion area, until a given number
terminal segmentsNterm is reached~Fig. 1!. At each step
of growth, the geometry of the new bifurcation is op
mized under prescribed physiological boundary con
tions. This procedure allows to generate computer m
els of arterial trees with an ‘‘arbitrary’’ number o
segments, limited only by the computer resources av
able. One of the main advantages of CCO trees is
fact that at each step of construction we have at hand
complete geometric data set of the tree, including s
ment locations and diameters. It should be noted, h
ever, that no attempt is made to model the actual gro
process of real arterial trees.22

For ease of reference, we summarize the main po
of the method of CCO:25,49 Arterial trees are represente
as binary branching trees, vessel segments are mod
by rigid cylindrical tubes, and the precise geometry
y

s

d

bifurcations is not considered. Blood is assumed an
compressible, homogeneous Newtonian fluid and the
drodynamic resistance of individual segments is e
mated by means of Poiseuille’s law.13 Optimization of
single bifurcations is performed under the following s
of boundary conditions: At each bifurcation, the diam
eters of the parent segment (d0) and the doughter seg
ments (d1 ,d2) obey a power law of the form

d0
g5d1

g1d2
g ~1!

with a constant exponentg.0. At a given total perfusion
flow Qperf, individual terminal flows Qterm,i with
(Qterm,i5Qperf, and at a given diameter of the roo
segment, all remaining segment diameters are scale
as to fulfill Eq. ~1! at each bifurcation and to maintai
the prescribed flows. The position of each new bifurc
tion is calculated so as to minimize the quantity

T5(
i

l idi
l , ~2!

where l i is the length of segmenti and l is a free
parameter:l52 minimizes total intravascular volume,24

whereasl50 minimizes total segment length.
As of particular interest for the present work, we no

that the coordinates of new terminal positionsxt are
drawn from a random number sequence with a unifo
distribution. In particular,xt is accepted as a new term
nal site only if it is not too close to the segments of t

FIGURE 1. Schematic representation of the growth of a CCO
tree. A new terminal positon x t is selected at random within
a circular perfusion area and connected to an existing tree
segment, thus forming a new terminal segment and a new
bifurcation. In the next step, the geometry of the new bifur-
cation is optimized with respect to a given target function T,
Eq. „2…, and prescribed boundary conditions for pressures
and flows.
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550 KARCH et al.
tree grown thus far. This ‘‘repulsion criterion’’ acts like
step potential of infinite height in the neighborhood
each segment: Terminal positionsxt within the potential
well are rejected, all others remain unaffected. As a
sult, the terminal positions of CCO trees no longer re
resent a sample from a uniform distribution in space, a
it is one goal of the present paper to characterize
differences.

The Construction of Voronoi Polyhedra

The efficient construction of the Voronoi tessellatio
of a set of points, in particular in three-dimension
space, is a nontrivial task and much effort has been
into the development of such algorithms in the field
computational geometry.3,39,40 In this paper, we have
used the Qhull software package,4 which implements the
Quickhull algorithm40 to construct the Voronoi tessella
tion of a given set of input points. The Qhull progra
utilizes the following relation between convex hulls~i.e.,
the smallest convex set that contains a given set
points! and Voronoi tessellations:5,9 To obtain for a given
set of points inR2 the Delaunay triangulation~i.e., the
straight-line dual of the Voronoi tessellation of the
points!,40 the points are lifted to a paraboloid inR3 and
the convex hull of these transformed points is compu
in R3; the set of edges of the lower convex hull~i.e., that
part of the hull which is visible from thexy plane!3 is
the Delaunay triangulation of the original points. Th
algorithm can immediately be generalized to higher
mensions. Since the Delaunay tessellation is the dua
the Voronoi tessellation, the problem of constructing
m-dimensional Voronoi diagram is thus reduced to a c
vex hull problem in (m11) dimensions.

The data structure produced by Qhull includes
vertex coordinates of the Voronoi polygon-edges in tw
dimensional ~2D! space and polyhedra-faces in thre
dimensional~3D! space for all pairs of adjacent inpu
sites; from this information we readily obtain the desir
topological~e.g., number of faces! and metric~e.g., vol-
ume, surface area! properties of the VP. Since Qhull use
floating point arithmetic, the results are only appro
mate. As a necessary condition for the consistency of
tessellations, the sum of the VP volumes must be eq
to the total volume of the system. We therefore calc
lated the respective sum and compared it with the p
fusion volume of the tree. We always found a differen
not larger than approximately 1027%.

Calculated Quantities

The topology of a Voronoi polyhedron is complete
characterized by the number of verticesNv , the number
of edgesNe , and the number of facesNf . These three
parameters are related by two topological constrai
namely the classical Euler formula40
t

f

l

Nv2Ne1Nf52 ~3!

and

3Nv52Ne . ~4!

The last equation follows, if we assume that the gen
ating points are in general position,39 so that every vertex
shares exactly three faces~and thus edges! and every
edge connects exactly two vertices.23,46 ~This assumption
is reasonable for CCO trees, since it is extremely u
likely for random systems that four or more points lie o
the same plane and five or more points lie on the bou
ary of a sphere.! Hence, only one of the previous param
eters is independent. Here, we have usedNf as the in-
dependent quantity to describe the topology of the V
For the remaining two parameters we then haveNv
52Nf24 andNe53Nf26.

In addition to the topological quantities, we hav
evaluated the following metric quantities of the Voron
polyhedra: The areaAk of the individual faces

Ak5
1

2 (
j 52

n21
v

~k)

u~r j
(k)2r1

(k)!3~r j 11
(k) 2r1

(k)!u, ~5!

wherenv
(k) is the number of vertices of thekth face and

r j
(k) is the position vector of thej th vertex of this face;

the total surface areaS:

S5 (
k51

Nf

Ak , ~6!

and the total volumeV:

V5
1

3 (
k51

Nf

hkAk , ~7!

wherehk denotes the normal distance of the center of
Voronoi polyhedron from itskth face. By definition of a
Voronoi tessellation, each face of a cell is part of t
perpendicular bisector of the line segment between
cell center and one of itsNf nearest neighbors. There
fore, thekth face exactly divides the distancer k between
the center and the corresponding nearest neighbor
two equal parts, and we havehk5r k /2.

Following Ruoccoet al.,46 we have also calculated
the asphericity parametera:

a5
S3

36pV2 , ~8!
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551Voronoi Analysis of Arterial Tree Models
which measures the deviation of the shape of a poly
dron from that of a perfect sphere. By definition,a
equals 1 for a sphere, and larger values ofa indicate a
more aspheric polyhedron, e.g.,a51.91 for a cube.

RESULTS

Generation of Model Trees

We have generated ten model trees for each valu
the optimization parameterl50 and l52. The model
realizations were obtained by means of different seed
the random number sequences for tossing new term
locations; all remaining model parameters were left u
changed for the set of ten trees within each series.
trees were generated in a cubic slab of 4.642 cm s
length. Simulation parameters are listed in Table 1. Th
parameters were chosen so as to model the large art
of the coronary arterial tree supplying approximately 1
g of myocardial tissue.26 Figure 2 shows a specific rea
ization for each of the generated models. As can be s
trees optimized for minimum segment length (l50) ex-
hibit a strongly meandering structure. Although the ca
l50 is not exceedingly realistic, we have included th
model in order to study if and how such a structure
reflected in the topological and metric properties of t
corresponding VP.

As a reference model for the spatial arrangement
terminal end-points in CCO trees, we have generated
the same geometry~cubic slab! ten samples of purely
random points drawn from a uniform distribution, i.e
realizations of a so-called Poisson point process.39 The
numberN of random points was chosen the same as
numberNterm of terminals in the respective tree mode

Construction of Voronoi Polyhedra

In the present paper we are concerned with tree st
tures grown in a bounded region of space. To calcu
the Voronoi tessellations of such regions with the dis
end points of terminal segments as generator points
mirror these points along the boundaries and perform
Voronoi decomposition on the extended point set th
obtained. Finally, we keep only those polyhedra wh
are associated with the original point set. This proced

TABLE 1. Simulation parameters.

Parameter Meaning Value Reference

pperf Perfusion pressure 100 mm Hg 10
Qperf Perfusion flow 500 ml/min 11
h Viscosity of blood 3.6 cp 34
rroot Radius of the root segment 2 mm 27
g Bifurcation exponent 2.55 2
Nterm Number of terminals 6000
Vperf Volume of perfusion area 100 cm3
f

f
l

s

,

-

guarantees that the region boundaries are exactly re
ered as parts of the calculated VP. Figure 3 illustrates
resulting tessellations for a 2D@panel~a!# and 3D@panel
~b!# CCO tree withNterm5200 andNterm5100 terminal
segments, respectively. In Fig. 3~a! we immediatly rec-
ognize a distinctive feature of CCO trees, namely th

FIGURE 2. Visual representation of CCO trees optimized for
minimum intravascular volume „a… and minimum total seg-
ment length „b…. Simulation parameters are given in Table 1.
Visualization was performed by representing the vessel seg-
ments as the isosurface of a pseudopotential assigned to the
whole tree „see Neumann et al. , Ref. 38….
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552 KARCH et al.
the larger Voronoi cells are always accompanied by
main vessels of the tree, whereas the relatively sma
cells are found in between.

Table 2 shows the results for the distributions of t
topological and metric quantities evaluated. These res
are based on ten realizations of each of the indica
models. The corresponding probability distributions a
displayed in Figs. 4–7. For statistical testing of diffe
ences between these probability distributio
Kolmogorov–Smirnov tests were performed on the le
of significance of 0.0001.

Distribution of the Number of VP Faces

Figure 4 shows the distribution of the number of c
facesNf for the CCO models. The distributions ofNf for
CCO trees appear somewhat sharper, more symm

FIGURE 3. Voronoi tessellations generated by two- and
three-dimensional CCO trees. „a… Voronoi polygons associ-
ated with the terminal end points of a 2D tree with Nterm
Ä200 terminal segments. „b… Selected Voronoi polyhedra as
generated by the 3D tree of Fig. 2 „a… with NtermÄ100 terminal
segments. The graphical representation in panel „b… was ob-
tained by means of the Geomview program „Ref. 33….
c

and have a mean value which is slightly shifted to t
left compared with the one of random points~seesNf

,
gNf

, and^Nf& in Table 2!. Moreover, theNf distributions
of the CCO trees are significantly different from th

TABLE 2. Distribution of topological and metric quantities.
ŠX‹, sX , gX , Xmin , Xmax are mean value, standard deviation,
skewness, minimum, and maximum of the quantity X „number
of cell faces Nf , cell volume V, surface area S, area of

individual cell faces A , asphericity parameter a….

l52 l50 Random

^Nf& 14.13 14.19 14.58
sNf

3.06 2.88 3.43
gNf

0.27 0.16 0.33
(Nf)min 5.00 5.00 5.00
(Nf)max 28.00 28.00 31.00
^V& (cm3) 0.0167 0.0167 0.0167
sV (cm3) 0.0062 0.0055 0.0074
gV 1.1882 1.4272 0.8410
Vmin (cm3) 0.0020 0.0021 0.0006

Vmax (cm3) 0.0664 0.0782 0.0716

^S& (cm2) 0.3736 0.3734 0.3850
sS (cm2) 0.0850 0.0743 0.1030
gS 1.1882 1.1414 0.3898
Smin (cm2) 0.1104 0.1156 0.0581

Smax (cm2) 0.9156 1.0347 0.9588

^A& (cm2) 0.0264 0.0263 0.0264
sA (cm2) 0.0234 0.0230 0.0269
gA 1.0690 1.0304 1.4810
Amin (cm2) 1310212 1310212 5310212

Amax (cm2) 0.2656 0.3211 0.2754

^a& 1.7770 1.7540 2.0340
sa 0.2760 0.2771 0.4806
ga 1.8661 2.0624 2.9569
amin 1.2881 1.2874 1.2987
amax 5.0399 4.7639 13.1809

FIGURE 4. Normalized histogram of the number of cell faces
Nf of the Voronoi polyhedra generated by CCO trees „lÄ2:
solid line; lÄ0: dashed line … and by random points „dotted
line …. Error bars indicate mean ÁSD for ten realizations of
each model. The continuous lines show the best-fit „dis-
cretized … two-parameter gamma distributions, Eqs. „9…–„10….
See Table 3 for the parameter values.
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553Voronoi Analysis of Arterial Tree Models
random points~two-sample Kolmogorov–Smirnov tes
p,0.0001), whereas there is no significant differen
between the tree models withl52 and l50 at the
0.0001 level of statistical significance.

Kumar et al.30 suggested a discretized two-parame
gamma distribution

f ~Nf !5E
Nf21/2

Nf11/2

p~x!dx ~9!

to approximate the distribution of cell faces in a 3
Poisson–Voronoi tessellation, where

p~x!5
xa21

baG~a!
expS 2

x

bD , x.0, ~10!

FIGURE 5. „a… Probability density distribution „meanÁSD… of
the normalized cell volume V*ÄVÕŠV‹ of the Voronoi polyhe-
dra generated by CCO trees „lÄ2: solid circles; lÄ0: open
circles … and by random points „open squares …. The continu-
ous lines show the corresponding best-fit two-parameter
gamma distributions „lÄ2: solid line; lÄ0: dashed line;
random points: dotted line …, Eq. „10…. See Table 3 for the
parameter values. „b… Distribution of normalized cell volumes
V* of CCO trees relative to the result p „Vrnd* … for random
points.
is the probability density function of the~continuous!
two-parameter gamma distribution.G(a) denotes the
gamma function and the mean and variance of
distribution in Eq. ~10! are given by ab and ab2,
respectively.

We have fitted the above distribution, Eq.~9!, to our
data, both for random points and for CCO models. T
results for the best-fit parametersa and b together with
the mean and standard deviation of the fitted gam
distribution are listed in Table 3. Comparing the valu
for the mean and standard deviation with the correspo
ing results of the original data~Table 2!, we conclude
that a two-parameter gamma distribution represent
good approximation to the distribution of cell faces, n

FIGURE 6. Probability density distribution „meanÁSD… of the
normalized total surface area S*ÄSÕŠS‹ of the Voronoi poly-
hedra generated by CCO trees „lÄ2: solid circles; lÄ0:
open circles … and by random points „open squares …. The
continuous lines show the corresponding best-fit two-
parameter gamma distributions „lÄ2: solid line; lÄ0:
dashed line; random points: dotted line …, Eq. „10….

FIGURE 7. Probability density distribution „meanÁSD… of the
asphericity parameter a, Eq. „8…. Solid circles: CCO trees
with lÄ2. Open circles: CCO trees with lÄ0. Open squares:
Poisson point process.
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554 KARCH et al.
only for random points, but also for CCO trees~see also
Fig. 4!. Moreover, the moments of theNf distribution
~Table 2! reflect the differences in the spatial arrang
ment of the corresponding generating points, in particu
between random points and terminal locations in CC
trees.

Distribution of Cell Volumes

Figure 5~a! shows the distributions of the reduced c
volumes,V* 5V/^V&, for the CCO models studied. Th
cell volume distributionsp(V* ) of the tree models ap
pear markedly different from the respective distributi
of the Poisson–Voronoi tessellation, in particular w
respect to their spread around the mean~seesV in Table
2!: tree models are more sharply peaked around^V* &
51, and this behavior is even more pronounced for tr
with l50 than for threes withl52. ~Note that for the
mean value we havêV* &51 for each model. This is
because we use a simulation box of fixed geometry
we keep the number of the generating points constan
that the mean cell volume always takes the value^V&
5Vbox/N, and therefore^V* &51, independent of the
specific model.! The p(V* ) distributions are significantly
different between CCO models withl52 andl50 and
between CCO models and random points~Kolmogorov–
Smirnov test,p,0.0001).

The cell volume distribution of the random points
well approximated by a two-parameter gamma distrib
tion, Eq. ~10!.30 The best-fit parameter values fora and
b are listed in Table 3. These values are consistent an
reasonable agreement with previous studies for Poiss
Voronoi tessellations.30 Deviations ina andb are due to
boundary effects. Fitting two-parameter gamma distrib
tions to thep(V* ) values of the tree models~see Table

TABLE 3. Parameters of best-fit two-parameter gamma
distributions. Entries for each variable „number of faces Nf ,
normalized volume V*ÄVÕŠV‹ and surface area S*ÄSÕŠS‹…

denote the estimated parameter values for a and b „including
the 68.3% confidence interval … as well as the mean ab and
standard deviation Aab 2 of the respective best-fit gamma

distribution, see Eq. „10….

l52 l50 Random

Nf 21.4360.51 24.8960.82 17.4660.35
0.6660.02 0.5760.02 0.8460.02
14.17 14.24 14.71
3.06 2.85 3.52

V* 8.448960.2998 10.824660.3618 5.106260.0485
0.116960.0043 0.091660.0031 0.196060.0018
0.9876 0.9914 1.0007
0.3398 0.3013 0.4429

S* 21.874360.8567 30.081961.0022 13.932160.2737
0.045460.0018 0.032960.0011 0.074160.0014
0.9927 0.9907 1.0319
0.2123 0.1806 0.2765
3 for the estimated parameters! also yields a good ap
proximation for these data, in particular along the le
and the right tails; small differences can be observ
only near the peaks of the distributions, see Fig. 5~a!.

To further evaluate the features ofp(V* ) for CCO
trees, we have plotted the differences betweenp(V* ) of
the tree models andp(Vrnd* ) of the corresponding
Poisson–Voronoi tessellation, see Fig. 5~b!. We observe
pronounced peaks in these distributions, illustrating
different environment of the generating points in CC
trees and in a purely random arrangement: The first m
mum nearV50.5̂ V& illustrates a reduced number o
smaller cells present in tree models. This result sugg
some kind of repulsive effect of the tree structure on
spatial distribution of terminal end points. Likewise, th
second minimum nearV51.5̂ V& shows a reduction in
the number of larger cells in CCO trees, whereas
number of cells near the mean cell volumeV5^V& is
increased at the expense of smaller and larger cells
summary, these results indicate a tendency of the
models to more homogeneously distribute supply v
umes than could be achieved by a purely random
rangement of terminal locations. Moreover, Fig. 5~b!
shows that the above effects are more pronounced
CCO trees optimized for minimum segment lengthl
50) than for trees optimized for minimum intravascul
volume (l52).

It is interesting to note that Montoroet al.17 observed
a similar behavior of the Voronoi cell volume distribu
tion for certain physical conditions in their simulatio
study on ionic association in electrolyte solutions. T
authors attributed their VP distributions to the repulsi
action of Coulomb forces in the system. This furth
supports our notion that the repulsive effect of an ex
ing tree on the location of new terminal sites produc
differences in their spatial distribution relative to
purely random arrangement of points, and these dif
ences are directly reflected in the properties of the
spective Voronoi polyhedra.

Distribution of the Total Surface Area of the VP

Figure 6 shows the distribution of the normalized to
surface area,S* 5S/^S&, of the Voronoi cells. Each dis
tribution p(S* ) is fairly symmetric around its mean
value. Moreover,p(S* ) appears distinctly narrower fo
the tree models than for random points~see also the
values ofsS in Table 2!. This narrowing effect inp(S* )
is more pronounced for trees optimized for minimu
length (l50) than for trees optimized for minimum
volume (l52). In comparison to random points, th
Voronoi cells of the tree models having a total surfa
area near the mean value^S& are favored at the expens
of cells with relatively smaller and largerS. This behav-
ior of p(S* ) is consistent with the above observations
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555Voronoi Analysis of Arterial Tree Models
p(V* ) concerning a certain balancing effect of the gro
ing tree structure on the spatial distribution of its term
nal supply points. Based on a two-sample Kolmogoro
Smirnov test, the differences between thep(S* )
distributions are statistically significant (p,0.0001),
both between CCO models withl52 and l50 and
between CCO models and random points.

Again, a two-parameter gamma distribution, Eq.~10!,
represents a good fit to the reference distributionp(S* )
of the corresponding Poisson–Voronoi tessellation.30 Fit-
ting a gamma distribution to thep(S* ) data of the CCO
trees, also yields a fairly good approximation. Yet, the
are noticeable differences between the fitted and
original distributions, in particular near their peak value
The best-fit parametersa and b are given in Table 3.

Distribution of the Asphericity Parameter

The parameter of asphericitya, Eq. ~8!, combines
volume and surface area into a single descriptor to m
sure how different the shape of a polyhedron appe
from that of a sphere. Figure 7 shows the distributio
p(a) for the models studied: Markedly different from
the Poisson point process, which exhibits a long asy
metric tail and has a mean value neara'2, the distri-
butions of the CCO models are considerably narrow
more symmetric, and their mean value ata'1.7 lies
close to that of a sphere (a51). The VP of CCO trees
are thus more regular than the ones generated by a P
son point process, again confirming the balancing eff
already mentioned for VP volume and surface area
tributions. In contrast to that, the differences in thep(a)
distributions between the CCO models are only m
ginal: Both mean values and standard deviations are v
close, only the tree forl50 is slightly more symmetric.
However, these differences inp(a) are statistically sig-
nificant, as are the differences between the CCO mo
and the random points~Kolmogorov–Smirnov test,p
,0.0001).

DISCUSSION

Distribution of Cell Volumes

The volume of a Voronoi cell is determined by th
areasAk of its faces, by the distancesr k of its center
from the corrresponding nearest neighbor points, and
the numberNf of its faces @cf. Eq. ~7!#. Hence, the
properties ofAk , r k , and Nf in CCO models and in a
Poisson point process provide further insight concern
the observed differences in the respective distributions
cell volumes.

Figure 8~a! shows the PDFsdk(r ) of the kth nearest
neighbor distances fork51,2,3 for the CCO models an
-

-

for a Poisson point process with the same density
pointsr5N/Vbox. For the latter,dk(r ) can be written in
closed form~see also Ref. 52!:

dk
P~r !5r4pr 2

~rbr !
k21

~k21!!
exp~2rbr !, ~11!

wherebr5(4p/3)r 3. Figure 8~a! illustrates that the first
three nearest neighbor distances are always abundan
Poisson point process relative to the CCO trees stud
Recalling that the mean number of cell facesNf ~i.e., the
number of nearest neighbors for each generating poin! is
about 15, with maximum values ranging up to 31~see
Table 2!, it is by far not sufficient to consider only th
first three nearest neighbor distances to characterize
contribution to the observed cell volume distribution

FIGURE 8. „a… Probability density distribution „meanÁSD… of
the k th nearest neighbor distances for kÄ1 „left curves …, k
Ä2 „middle curves …, and kÄ3 „right curves … for ten realiza-
tions of CCO trees with lÄ2 „solid circles with solid lines …

and lÄ0 „open circles with dashed lines …. The dotted lines
show the theoretical curves for a Poisson point process with
the same density r, see Eq. „11…. „b… Radial pair distribution
functions g „r … for the CCO models „symbols as earlier … and
for the corresponding Poisson point process with g „r …Æ1.
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556 KARCH et al.
Since it is very cumbersome to analyze all nearest ne
bor distances in the way given earlier, we apply t
well-known concept of the~radial! pair distribution func-
tion g(r ).1 This function measures the average portion
pairs of points having a distancer from each other rela-
tive to a purely random arrangement at the same den
r. For spatially homogeneous and isotropic systemsg(r )
can—without loss of information—be written as

g~r !5
1

r

1

4pr 2

1

N (
i

(
j Þ i

d~r 2r i j !, ~12!

where r i j denotes the separation between pointi and
point j and d(r 2r i j ) is the Dirac delta function. Note
that in Eq.~12! any features ofg(r ) arising from spatial
inhomogeneities or anisotropies are averaged out.g(r ) is
related to the distributionsdk(r ) of thekth nearest neigh-
bor distances by

g~r !5
1

r

1

4pr 2 (
k

dk~r !. ~13!

By definition, and by means of Eqs.~11! and ~13!, we
have g(r )[1 for a Poisson point process. To evalua
g(r ) for the CCO models, we follow the usual practic
and construct a histogram of the respective p
separations.1 The results, averaged over ten realizatio
of each CCO model, are shown in Fig. 8~b!. We first
notice a distinctive maximum in the relative frequency
pair separations aroundr 50.23 cm. This is a broad
peak, indicating the contribution of many orders
neighbor separations, see Eq.~13!. The greater abun
dance of such pair separations in CCO trees relative
random points is caused by the larger segments of
trees: since the interior of segments is excluded for n
terminal positions, large~i.e., thick! segments necessaril
give rise to a relatively higher frequency of pair sepa
tions near or beyond the diameter of these segme
This behavior is best recognized from the arrangemen
large tree segments and neighboring Voronoi cells
shown in the 2D example of Fig. 3~a!.

The low values ofg(r ) for small r illustrate a pro-
nounced deficiency of these pair separations in C
trees relative to a Poisson point process. This deca
mainly due to the distribution of the first three neare
neighbor distances, see Fig. 8~a!, and originates from the
repulsion criterion, which suppresses small distances
tween new terminal locations and existing segments d
ing tree generation.

The second important parameter characterizing
distribution of cell volumes is the areaA of individual
VP faces. Figure 9 shows the distribution ofA grouped
by selected classes of nearest neighbor separations
-

.
f

-

r

FIGURE 9. Probability density distribution „meanÁSD… of the
area A of individual polyhedra faces grouped by selected
classes k of ascending nearest neighbor separations for
which the respective faces form the perpendicular bisectors.
Solid circles with solid lines: CCO trees with lÄ2. Open
circles with dashed lines: CCO trees with lÄ0. Open
squares with dotted lines: Poisson point process.



ec-
n-

r
est

in
rs,
ints
ntly
e
ig-

ss
ois
ne
cy.
-
v

of

tri-

v-

r

for

of

ed

m

t

in
oth
ted
o-
n
O

of

e
-

ce
cts
In

we

d-

of
ble
nal
the

nce
er
sent
th.

557Voronoi Analysis of Arterial Tree Models
which the respective faces form the perpendicular bis
tors: For smallA the Poisson point process always co
tributes with a relatively larger number of faces toV,
whereas for midrangedA the situation is reversed. Fo
largeA, only the face areas pertaining to the first near
neighbors are noticeably abundant for random points
comparison with CCO trees; for higher-order neighbo
the differences between CCO trees and random po
are almost negligible. These properties are consiste
reflected in the overall distribution of individual fac
areasA, irrespective of the nearest neighbor index: F
ure 10 shows the results for the distribution ofA*
5A/^A&. The smallest face areas and—though le
pronounced—also the largest areas are favored in a P
son point process, whereas in CCO trees face areas
the mean value appear with a relatively higher frequen
This difference inp(A* ) between CCO trees and ran
dom points is confirmed by a Kolmogorov–Smirno
test (p,0.0001), whereas CCO models withl52 and
l50 are not discriminated at the 0.0001 level
significance.

As to the third parameter which determines the dis
bution of V, namely the number of facesNf per poly-
hedron, we first note thatV and Nf are positively corre-
lated: The correlation coefficient betweenNf and V is
rNf ,V50.74 for CCO models withl52, rNf ,V50.70 for
CCO models withl50, and rNf ,V50.65 for random
points. Figure 4 illustrates that the frequency of VP ha
ing a large number of facesNf.16 ~and therefore, a
large cell volume! is significantly higher for random
points than for CCO trees. On the contrary, VP withNf

near the mean̂Nf& are found more frequently in CCO
trees. For smallNf , all models behave fairly simila
concerning the frequency ofNf .

In summary, the abundance of small cell volumes

FIGURE 10. Probability density distribution „meanÁSD… of
the normalized area A *ÄA ÕŠA ‹ of individual polyhedra
faces. Solid circles with solid lines: CCO trees with lÄ2.
Open circles with dashed lines: CCO trees with lÄ0. Open
squares with dotted lines: Poisson point process.
-
ar

random points is due to a relatively higher frequency
small pair distances@g(r ), see Fig. 8~b!# as well as of
small individual facet areasA ~Fig. 10! in these models.
For intermediate cell volumes, the situation is revers
with an additional effect ofNf in favor of CCO trees.
The higher frequency of larger cell volumes for rando
points is mainly due toA ~Fig. 10! and to Nf ~Fig. 4!.
From g(r ) and the distributions ofA grouped by neares
neighbors ~Fig. 9! it is evident, that only low-order
neighbors significantly contribute to the differences
the cell volume distributions. These observations—b
the distribution of nearest neighbor distances as reflec
in g(r ) as well as the one of individual face areas t
gether with Nf—consistently explain the differences i
the distributions of Voronoi cell volumes between CC
trees and random points as displayed in Fig. 5.

Dependence of Cell Volume Statistics on the Number
End Points

For ideal ~infinite! Poisson–Voronoi tessellations, th
distribution p(V* ) of reduced cell volumes is indepen
dent of the point densityr due to the invariance of the
generating Poisson point process under scaling.19 How-
ever, Voronoi tessellations in a finite region of spa
become more and more dominated by boundary effe
as the densityr of the generating points decreases.
particular, for CCO trees it isa priori unclear, how cell
volume statistics vary as a function ofr5Nterm/Vbox and
if there exists a ‘‘limiting’’ distribution of cell volumes
for large Nterm. Figure 11~a! shows thep(V* ) distribu-
tions for CCO models withl52 and with different
numbers of end points ranging fromNterm5600 to
Nterm532,000. There is a modest effect ofNterm on the
respectivep(V* ) distributions, in particular forNterm

,6000. The relative dispersions RDV5sV /^V& tend to
decrease asNterm increases with values between RDV

50.42 for Nterm5600 to RDV50.36 for Nterm532,000.
This dependence onNterm is mainly due to boundary
effects: excluding boundary cells from the analysis,
obtain p(V* ) distributions as illustrated in Fig. 11~b!.
Now the variability between the distributions is consi
erably reduced and we find values for RDV in the range
RDV50.3460.01. In summary, the chosen value
Nterm56000 for the model trees proves a reasona
compromise between the requirements for computatio
resources during tree generation and the validity of
reported moments ofp(V* ) in the limit of largeNterm.
These results suggest a certain kind of scaling invaria
or self-similarity of CCO trees in the sense that ev
finer tree structures reproduce properties already pre
at coarser levels of resolution in earlier stages of grow
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558 KARCH et al.
Comparison with Experimental Data

Scaling of Blood Volume with the Volume of Suppl
Tissue.Scaling relations in biology have long been
subject of discussion since their advent in the sem
work of D’Arcy Thompson.54 Only recently, Westet al.60

have presented a general model for the origin of allo
etric scaling laws in biology, i.e., relationships of th
form

Y5Y0Xs, ~14!

where Y and X are some biological observables~e.g.,
metabolic rate and mass of an organism!, Y0 is a nor-

FIGURE 11. The effect of the number Nterm of end points on
the cell volume distribution. „a… Probability density distribu-
tion of the normalized cell volume V*ÄVÕŠV‹ of the Voronoi
polyhedra generated by CCO tree models „lÄ2… for various
values of Nterm „triangles: NtermÄ600, squares: NtermÄ2000,
solid circles: NtermÄ6000, open circles: NtermÄ18,000, dia-
monds: NtermÄ32,000…. The symbols indicate mean values
for 10 „NtermÄ600, 2000, 6000… and 2 „NtermÄ18,000, 32,000…
model realizations, respectively. The dotted lines „solid line
for NtermÄ6000… show the corresponding best-fit two-
parameter gamma distributions, Eq. „10…. „b… Same as „a…,
boundary cells excluded from the analysis.
malization constant, ands the scaling exponent. Base
on a few basic principles concerning the design of b
logical transport networks~such as a hierarchical branch
ing structure, invariant terminal units, and minimize
energy dissipation!, this model predicts many scaling re
lations of mammalian circulatory systems, in particula
linear relationship~i.e., s51) between blood volume an
total body volume in agreement with experimental da
reported by Prothero.41

To evaluate this relation for the CCO models we co
sider the intravascular volume of subtrees as a func
of the tissue volume supplied by each subtree. Since
Voronoi tessellation induced by the tree’s terminal loc
tions provides a convenient and unambiguous way
assigning to each terminal location a region of tiss
supplied with blood, we consider—for each subtree—
total volume of the Voronoi polyhedraVVP correspond-
ing to the terminal supply points of the respective su
tree. The results for the more realistic models withl
52 are shown in Fig. 12 in a double-logarithmic plo
where the maximum value ofVVP represents the whole
perfusion volume. Single terminal segments~i.e., degen-
erated subtrees! and corresponding single polyhedra vo
umes have been excluded from the analysis. For
remaining data points, which still range over four orde
of magnitude, a best-fit regression yields a scaling ex
nent of s51.2060.007. The obvious departure of th
result from the value ofs51 predicted by Westet al. is
not too surprising, given the fact that we have used
constant bifurcation exponentg52.55 throughout the
tree and an optimization target which minimizes to
intravascular volume. Both settings are different from t

FIGURE 12. Scaling of blood volume Vb with the volume VVP
of supplied tissue for ten realizations of CCO trees with l
Ä2 in a double-logarithmic representation. y axis: total intra-
vascular volume of subtrees, excluding single terminal seg-
ments. x axis: total volume of Voronoi polyhedra generated
by corresponding distal end points of terminal segments.
The solid line is the best-fit regression to the data points.
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559Voronoi Analysis of Arterial Tree Models
assumptions and results of the model cited earlier: T
model minimizes the energy dissipation of the transp
network and predicts—for the more realistic case of p
satile flow—a bifurcation exponentg which varies from
g52 for larger arteries tog53 for smaller arteries. We
have also evaluated the scaling exponents for the case
g53. ~Minimizing total intravascular volume is equiva
lent to energy minimization only forg53.)61 Note that
increasingg in Eq. ~1! slows down the rate at which
segmental volumes drop along bifurcation orders a
hence, has the effect of decreasings. Accordingly, we
obtain s51.1660.004, a value closer to the reporte
value of s51. This result further improves if we con
sider only larger subtrees: ForVVP.0.1 cm3 the value of
the scaling exponent decreases tos51.0860.005, sug-
gesting that CCO trees quite satisfactorily reproduce
predicted and experimentally observed scaling of blo
volume with the volume of tissue supplied, provided w
do not take too close a look at all the details of t
smallest subunits of the model. This observation is c
sistent with recent results reported by Wang a
Bassingthwaighte,59 who showed that capillary suppl
regions, i.e., regions based on the functional measur
capillary diffusion, cannot—apart from very speci
cases—be approximated by Voronoi polygons; moreo
appropriate modeling of transport and consumption
oxygen in ~cardiac! tissue demands a realistic geomet
model for the three-dimensional nontree-like capilla
network.8 On the other hand, terminal segments of CC
trees do not represent real terminal arterioles, nor do t
model capillaries, and the subdivision of tissue spa
into VP induced by the terminals is not based on fun
tional considerations, but should in the present cont
be understood as an attempt—on purely geome
grounds—to assign to the model’s terminal segments
sonable areas of blood supply.

Finally, we note that the volume of the vessels can
be considered part of the terminal supply regions rep
sented by the associated VP. Therefore, we h
estimated—by a straight-forward Monte Car
simulation—the portions of polyhedra volumes occup
by tree segments and corrected these volumes acc
ingly. For the models withl52 and Nterm56000 the
average intravascular volume is approximately 1.5
~i.e., only 1.5% of the total perfusion volume!. Conse-
quently, the effects of tree volume are only margin
Neither the distribution of Voronoi cell volumes nor th
scaling of blood volume with~now corrected! supply
volume are noticeably different from the uncorrect
case.

Scaling of Arterial Cross-Sectional Area with the Volum
of Supplied Tissue.Seileret al.51 have reported a power
f

-

-

law relationship between luminal cross-sectional areaa
of human coronary artery segments and perfused
gional myocardial mass

a}VVP
b , ~15!

with exponentsb in the range between 0.62 and 0.82.
good agreement with these results we find for the mod
with l52 a scaling exponent ofb50.7760.01 ~Fig.
13!, where terminal segments and associated single p
hedra volumes have again been excluded from the
gression analysis.

Voronoi Cell Area Distribution of Arterial End Points in
the Human Retina.Two-dimensional CCO models ar
convenient for a comparison of Voronoi cell area dist
butions with physical data. Here, we attempt a compa
son with the major arteries of the approximately tw
dimensional layer of the human retina. From da
published by Zamiret al.,63 we digitized just visible ar-
terial end points within a square region of about 5 m
sidelength centered around the macular area, using
original fundus photograph~their Fig. 1! and a map of
major retinal vessels~their Fig. 2!. The resulting set of
apparent end points and its Voronoi tessellation
shown in Fig. 14~a!. In order to provide comparable
model data, we have pruned the model trees to the s
number of terminal segments as points digitized. Fig
14~b! shows the distributions of normalized Voronoi ce
areas of the experimental data and pruned 2D CCO t
with original Nterm53000 and l52. In both cases,
boundary cells were excluded from the analysis to red
edge effects. The model distribution appears in go

FIGURE 13. Scaling of segmental cross-sectional area a „ter-
minals excluded … with the volume VVP of tissue supplied by
the respective subtrees for ten realizations of CCO models
with lÄ2. The solid line represents the least-squares fit of a
power-law relation, Eq. „15…, to the data points.
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560 KARCH et al.
qualitative agreement with the measured data. Howe
due to the difficulties in identifying segmental end poin
in the retinal fundus photograph, the results shown
Fig. 14 currently do not allow a quantitative assessm
of model predictions regarding the spatial distribution
end points in the retinal arterial system.

A Modified Algorithm for Tree Construction

In the previous section we have used the Voro
polyhedra associated with individual terminal segme
as a geometric model for the regions of tissue supp
by these segments. The reported scaling properties i
trate that this model is a reasonable approach within
framework of CCO trees.

These observations suggest a modification of
present method of CCO, namely to set terminal flo
proportional to their associated Voronoi cell volumes

FIGURE 14. „a… Voronoi tessellation of apparent arterial end
points digitized from data of the human retina published by
Zamir et al. „Ref. 63…. „b… Probability density distribution
„meanÁSD… of normalized Voronoi cell area A *ÄA ÕŠA ‹ gen-
erated by ten realizations of pruned 2D CCO trees „solid
circles … and by the points of panel „a… „open circles …. The
continuous line shows the best-fit two-parameter gamma
distribution for the model trees.
,

-

ter each step of growth and to rescale segment diame
of the whole tree accordingly to meet the modifie
boundary conditions. This approach is further suppor
by a recent paper of Qian and Bassingthwaighte,42 who
showed that asymmetric branching tree models with r
dom flow variations at each bifurcation give rise to
asymptotic lognormal flow distribution, in favorabl
agreement with experimental measurements of regio
blood flow distributions in the heart and lung.~Note that
we have used two-parameter gamma distributions
characterize Voronoi cell volumes in CCO trees; ho
ever, Vaz and Fortes57 have shown that two-paramete
gamma and lognormal distributions with suitable para
eters are very similar.!

Figure 15 shows the distributions of normalized se
mental flows,q* 5q/^q&, for CCO trees (l52) grown
by the modified algorithm and with other model param
eters left unchanged~Table 1!. The data are grouped b
Strahler orders53 of the respective segments and appro
mated by best-fit lognormal distributions

p~x!5
1

A2px logsg

expF2
~ logx2 log^x&0.5!

2

2 log2 sg
G , x.0,

~16!

where^x&0.5 is the median andsg is the geometric stan
dard deviation.@Qian and Bassingthwaighte42 considered
flow distributions as a function of generation numbers
strictly dichotomous binary trees; for the asymmetric
pology of CCO trees the Strahler ordering scheme se
more appropriate: terminal segments are assigned o

FIGURE 15. Probability density distribution „meanÁSD… of
normalized segmental flows q *Äq ÕŠq ‹ for three realizations
of CCO tree models „lÄ2… grown by the modified algorithm.
Data are grouped by Strahler orders i S of the respective
segments. The continuous lines show best-fit lognormal dis-
tributions, Eq. „16…. i SÄ1 „terminals …: solid circles and solid
line. i SÄ2 „preterminals …: open circles and dashed line. i S
Ä3: diamonds and dashed-dotted line. i SÄ4: triangles and
dotted line.
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561Voronoi Analysis of Arterial Tree Models
1; if two first-order segments meet, the parent~i.e., pre-
terminal! segment is assigned order 2, and so fort#
Figure 15 illustrates that the distributionp(q* ) of nor-
malized terminal flows is well approximated by a lo
normal distribution, and this property is approximate
also observed for higher-order segments, consistent
the results of Ref. 42. For the terminal flows we find
relative dispersion of RDq537% and a skewness coeffi
cient of gq51.12. Both values are in good agreeme
with data reported for experimental measurements of
gional blood flow in the heart and the lung.6,14 Moreover,
RDq and gq are roughly independent on the numb
Nterm of terminal segments~see the previous discussio
on Nterm dependence!, suggesting that these values re
resent an invariant property of CCO tree models, at le
for the parameter space considered in the present w

We finally note that the modified algorithm has n
significant effect on other characteristics of the mod
e.g., the distribution of segment diameters and VP v
umes, the pressure profile, the total tree volume, and
distribution of segments over Strahler orders.

SUMMARY AND CONCLUSIONS

In this paper we have analyzed topological and me
properties of the Voronoi polyhedra generated by
distal end points of terminal segments in CCO trees
by randomly distributed points as a reference model w
the aim to characterize the spatial distribution of t
respective point sets.

We have evaluated the distributions of the numberNf

of Voronoi cell faces, the cell volumeV, surface areaS,
the areaA of individual cell faces, and the aspherici
parametera. We have characterized the distributions
these quantities by their respective moments and by
proximation with best-fit two-parameter gamma distrib
tions ~Tables 2 and 3!. The distributions ofNf , V, S, A,
anda of the CCO models all proved significantly diffe
ent from the ones obtained for the random poin
whereas the distributions ofV, S, and a were also sig-
nificantly different between CCO models generated w
different modes of optimization ~two-sample
Kolmogorov–Smirnov test,p,0.0001). Two-paramete
gamma distributions not only characterize the distrib
tions of Nf , V, and S for Poisson–Voronoi
tessellations,30 but also provide a reasonable approxim
tion for the distributions of these quantities in CC
models.

Both the distribution of Voronoi cell volumes and th
distribution ofkth nearest neighbor distances as reflec
in the pair distribution functiong(r ) consistently showed
the repulsive effect of a growing CCO tree structure
the spatial arrangement of its terminal supply points
well as the tendency of such trees to balance the
volume distribution observed for random points: CC
t
.

-

l

trees increase the number of Voronoi cells having v
umes near the mean value^V& at the expense of sma
and large cells, i.e., the cell volume distribution for CC
models is more homogeneous than for random point

For comparison of model predictions with experime
tal data we have studied scaling of intravascular blo
volume and of arterial cross-sectional area with the v
ume of supplied tissue, which we have modeled on
geometrical~not functional! basis by the VP generate
by the model’s terminal segments. Depending on
particular value of the bifurcation exponentg and on the
size of subtrees considered, we have found scaling
ponents betweens51.2060.007 ands51.0860.005 for
intravascular blood volume andb50.7760.01 for arte-
rial cross-sectional area. These results are consistent
experimental data and model predictions reported in
literature.41,51,60

Based on these observations we have extended
CCO algorithm to set terminal flows proportional to a
sociated VP volumes. As a major improvement of t
model we now obtain terminal flows well approximate
by a lognormal distribution with a relative dispersion
RDq537% and a skewness coefficient ofgq51.12, in
good agreement with theoretical considerations42 and ex-
perimental measurements of regional blood flo
distributions.6,14

The first conclusion we draw from this study is th
Voronoi analysis proved a valuable tool to character
the spatial distribution of end points governed by t
presence of a growing CCO tree structure and to d
criminate such distributions from a purely random a
rangement of points. From the comparison of model p
dictions with experimentally observed scaling propert
of intravascular blood volume and arterial cross-sectio
area with supplied tissue volume we conclude that
signing to each terminal segment its correspond
Voronoi polyhedron reasonably defines the regions
tissue supplied by individual terminal segments in CC
trees. Finally, a modified algorithm of tree constructi
with terminal flows set proportional to Voronoi volume
yields a considerable improvement of the model, in p
ticular with respect to the distribution of terminal flow
For future developments, this new mode of tree gene
tion may prove useful to study flow heterogeneity with
the framework of CCO trees.
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12Dirichlet, G. L. Über die Reduction der positiven quadrati
chen Formen mit drei unbestimmten ganzen Zahlen.J. Reine
Angew. Math.40:209–227, 1850.

13Fung, Y. C. Biomechanics: Motion, Flow, Stress, a
Growth. New York: Springer, 1990, pp. 155–195.

14Glenny, R. W., and H. T. Robertson. Fractal properties
pulmonary blood flow: Characterization of spatial heterog
neity. J. Appl. Physiol.69:532–545, 1990.

15Glenny, R. W., and H. T. Robertson. A computer simulati
of pulmonary perfusion in three dimensions.J. Appl. Physiol.
79:357–369, 1995.

16Gil Montoro, J. C., and J. L. F. Abascal. The Voronoi pol
hedra as tools for structure determination in simple dis
dered systems.J. Phys. Chem.97:4211–4215, 1993.

17Gil Montoro, J. C., F. Bresme, and J. L. F. Abascal. Ion
association in electrolyte solutions: A Voronoi polyhed
analysis.J. Chem. Phys.101:10892–10898, 1994.

18Gödde, R., and H. Kurz. Structural and biophysical simu
tion of angiogenesis and vascular remodeling.Dev. Dyn.
220:387–401, 2001.

19Hinde, A. L., and R. E. Miles. Monte Carlo estimates of t
distributions of the random polygons of the Voronoi tesse
tion with respect to a Poisson process.J. Stat. Comput.
Simul. 10:205–223, 1980.

20Honda, H. Description of cellular patterns by Dirichlet d
mains: The two-dimensional case.J. Theor. Biol. 72:523–
543, 1978.

21Hoofd, L., Z. Turek, K. Kubat, B. E. M. Ringnalda, and S
Kazda. Variability of intercapillary distance estimated on h
tological sections of rat heart.Adv. Exp. Med. Biol.191:239–
247, 1985.

22Hudlicka, O., A. J. Wright, and A. M. Ziada. Angiogenesis
the heart and skeletal muscle.Can. J. Cardiol.2:120–123,
1986.

23Jedlovszky, P. Voronoi polyhedra analysis of the local str
ture of water from ambient to supercritical conditions.J.
Chem. Phys.111:5975–5985, 1999.

24Kamiya, A., and T. Togawa. Optimal branching structure
the vascular tree.Bull. Math. Biophys.34:431–438, 1972.

25Karch, R., F. Neumann, M. Neumann, and W. Schreiner
three-dimensional model for arterial tree representation, g
erated by constrained constructive optimization.Comput.
Biol. Med. 29:19–38, 1999.

26Karch, R., F. Neumann, M. Neumann, and W. Schrein
Staged growth of optimized arterial model trees.Ann.
Biomed. Eng.28:495–511, 2000.

27Kassab, G. S., C. A. Rider, N. J. Tang, and Y.-C. B. Fun
Morphometry of pig coronary arterial trees.Am. J. Physiol.
265:H350–H365, 1993.

28Kassab, G. S., J. Berkley, and Y. C. B. Fung. Analysis
pig’s coronary arterial blood flow with detailed anatomic
data.Ann. Biomed. Eng.25:204–217, 1997.

29King, R. B., L. J. Weissman, and J. B. Bassingthwaigh
Fractal descriptions for spatial statistics.Ann. Biomed. Eng.
18:111–121, 1980.

30Kumar, S., S. K. Kurtz, J. R. Banavar, and M. G. Sharm
Properties of a three-dimensional Poisson–Voronoi tess
tion: A Monte Carlo study.J. Stat. Phys.67:523–551, 1992.

31Kumar, S., and S. K. Kurtz. Properties of a two-dimension
Poisson–Voronoi tesselation: A Monte-Carlo study.Mater.
Charact. 31:55–68, 1993.

32Kurz, H., and K. Sandau. Modelling of blood vessel dev
opment. Bifurcation pattern and hemodynamics, optima
and allometry.Comments Theor. Biol.4:261–291, 1997.

33Levy, S., T. Munzer, M. Phillips, C. Fowler, N. Thurston, D
Krech, S. Wisdom, D. Meyer, and T. Rowley. Geomvie
version 1.6.1. The Geometry Center, University of Minn
sota, Minneapolis, 1998. http://www.geomview.org.

34Lipowsky, H. H., and B. W. Zweifach. Methods for the s
multaneous measurement of pressure differentials and fl
in single unbranched vessels of the microcirculation for rh
logical studies.Microvasc. Res.14:345–361, 1977.

35Meijering, J. L. Interface area, edge length, and number
vertices in crystal aggregates with random nucleation.Philips
Res. Rep.8:270–290, 1953.

36Murray, C. D. The physiological principle of minimum work
I. The vascular system and the cost of blood volume.Proc.
Natl. Acad. Sci. U.S.A.12:207–214, 1926.

37Neumann, M., F. J. Vesely, O. Steinhauser, and P. Schu
Solvation of large dipoles. I. A molecular dynamics stud
Mol. Phys.35:841–855, 1978.

38Neumann, F., M. Neumann, R. Karch, and W. Schrein
Visualization of computer-generated arterial model trees.
Simulation Modelling in Bioengineering, edited by M. Ce
rolaza, D. Jugo, and C. A. Brebbia. Southampton: Compu
tional Mechanics, 1996, pp. 259–268.

39Okabe, A., B. Boots, K. Sugihara, and S. N. Chiu. Spa
Tessellations: Concepts and Applications of Voronoi D
grams, Second Edition. Chichester: Wiley, 1999.

40Preparata, F. P., and M. I. Shamos. Computational Geom
An Introduction. New York: Springer, 1985.

41Prothero, J. W. Scaling of blood parameters in mamm
Comparative Biochem. Physiol.67A:649–657, 1980.

42Qian, H., and J. B. Bassingthwaighte. A class of flow bifu



r-

s.

r-

e
by

o-
an

ree

of

A.
e
s o

e-
ee.

and

or-

A:

the
ne-

th-
ed

e

s a
.

ly

del

ng

al

563Voronoi Analysis of Arterial Tree Models
cation models with lognormal distribution and fractal dispe
sion. J. Theor. Biol.205:261–268, 2000.

43Rahman, A. Liquid structure and self-diffusion.J. Chem.
Phys.45:2584–2592, 1966.

44Ripley, B. D. Test of ‘randomness’ for spatial point pattern
J. R. Statist. Soc. B41:368–374, 1979.

45Rosen, R. Optimality Principles in Biology. London: Butte
worth, 1967, pp. 40–60.

46Ruocco, G., M. Sampoli, and R. Vallauri. Analysis of th
network topology in liquid water and hydrogen sulphide
computer simulation.J. Chem. Phys.96:6167–6176, 1992.

47Sandau, K., and H. Kurz. Modelling of vascular growth pr
cesses: A stochastic biophysical approach to embryonic
giogenesis.J. Microsc.175:205–213, 1994.

48Schreiner, W. Computer generation of complex arterial t
models.J. Biomed. Eng.15:148–149, 1993.

49Schreiner, W., and P. Buxbaum. Computer-optimization
vascular trees.IEEE Trans. Biomed. Eng.40:482–491, 1993.

50Schreiner, W., M. Neumann, F. Neumann, S. M. Roedler,
End, P. Buxbaum, M. R. Mu¨ller, and P. Spieckermann. Th
branching angles in computer-generated optimized model
arterial trees.J. Gen. Physiol.103:975–989, 1994.

51Seiler, C., R. L. Kirkeeide, and K. L. Gould. Basic structur
function relations of the epicardial coronary vascular tr
Circulation 85:1987–2003, 1992.

52Stoyan, D., and H. Stoyan. Fractals, Random Shapes
Point Fields. Chichester: Wiley, 1994.

53Strahler, A. N. Quantitative analysis of watershed geom
phology. Trans. Am. Geophys. Union38:913–920, 1957.
-

f

54Thompson, D. W. On Growth and Form. Cambridge, M
Cambridge University Press, 1917.

55Van Bavel, E., and J. A. E. Spaan. Branching patterns in
porcine coronary arterial tree. Estimation of flow heteroge
ity. Circ. Res.71:1200–1212, 1992.

56Van Beek, J. H. G. M., S. A. Roger, and J. B. Bassing
waighte. Regional myocardial flow heterogeneity explain
with fractal networks.Am. J. Physiol.257:H1670–H1680,
1989.

57Vaz, M. F., and M. A. Fortes. Grain size distribution: Th
lognormal and the gamma distribution functions.Scr. Metall.
22:35–40, 1988.

58Voronoi, G. Nouvelles applications des parametres continu
la theorie des formes quadratiques.J. Reine Angew. Math
134:198–287, 1908.

59Wang, C. Y., and J. B. Bassingthwaighte. Capillary supp
regions.Math. Biosci.173:103–114, 2001.

60West, G. B., J. H. Brown, and B. J. Enquist. A general mo
for the origin of allometric scaling laws in biology.Science
276:122–126, 1997.

61Woldenberg, M. J., and K. Horsfield. Relation of branchi
angles to optimality for four cost principles.J. Theor. Biol.
122:187–204, 1986.

62Zamir, M. Optimality principles in arterial branching.J.
Theor. Biol.62:227–251, 1976.

63Zamir, M., J. A. Medeiros, and T. K. Cunningham. Arteri
bifurcations in the human retina.J. Gen. Physiol.74:537–
548, 1979.


