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Abstract

We present a novel smoothing approach to nonparametric regressioncurve ¯tting. This
is basedon kernel partial least squares(PLS) regressionin reproducing kernel Hilb ert space.
It is our interest to apply the methodology for smoothing experimental data, such as brain
event related potentials, where some level of knowledge about areas of di®erent degreesof
smoothness, local inhomogeneities or points where the desired function changesits curvature
is known or can bederived basedon the observed noisy data. With this aim weproposelocally-
basedkernel PLS regressionand locally-based smoothing splines methodologies incorporating
this knowledge. We illustrate the usefulness of kernel PLS and locally-based kernel PLS
smoothing by comparing the methods with smoothing splines, locally-based smoothing splines
and wavelet shrinkage techniques on two generated data sets. In terms of higher accuracy
of the recovered signal of interest from its noisy observation we demonstrate comparable or
better performance of the locally-based kernel PLS method in comparison to other methods
on both data sets.

1 In tro duction

The problem of smoothing, de-noising,or estimating signalshas produced a wide range of meth-
ods, such as wavelet de-noising, signal averaging, or smoothing splines (Chui, 1992; Donoho &
Johnstone,1995;Ba»sar, 1980;Wahba, 1990). One area in which noisecontinues to be a problem
is estimation of brain event related potentials (ERPs). This is an important problem because
noise currently limits the utilit y of ERPs for understanding brain-behavior relationships. Here
we consider a new method of de-noising which may o®er improved estimation of ERPs, using
nonlinear regression,such as kernel partial least squares(PLS).

There has been signi¯cant advancement in developing nonparametric regressiontechniques
during the last several decadeswith the aim of smoothing observed data corrupted by somelevel
of noise. A subset of these techniques is based on de¯ning an appropriate dictionary of basis
functions from which the ¯nal regressionmodel is constructed. The model is usually de¯ned to
be a linear combination of functions selectedfrom the dictionary. The widely used methods like
smoothing splines and wavelet shrinkage belong to this category. These smoothing techniques
have also beensuccessfullyapplied to problems of signal de-noisingwhich involvesa wide area of
research in the signal processingcommunit y.

In this setting it is usually assumedthat the signal of interest is a linear combination of the
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selectedbasis functions Ãi (x) 2 D

g(x) =
pX

i =1

wi Ãi (x)

where D represents a dictionary (family) of functions and f wi g
p
i =1 are weighting coe±cients. The

main problem associated with this approach is the appropriate de¯nition of D and the selection
of a subset of basis functions used for the ¯nal model. Using a ¯xed dictionary of several basis
functions, for example,all polynomials up to a pre-de¯ned order or several trigonometric functions,
may provide an easier selection among basis functions, but in general may not guarantee the
possibility to closely approximate the desired signal of interest. On the other side de¯ning our
solution in a \ric h" functional spacemay guarantee exact functional approximation of the signal
of interest, however in a noisy scenariowe may have a bigger problem of ¯nding an adequate¯nal
estimate of the signal of interest. Smoothing splinesand closely related support vector machines
(SVM) are examplesof this secondapproach (Wahba, 1990; Vapnik, 1998; Cristianini & Shawe-
Taylor, 2000;SchÄolkopf & Smola, 2002). The solution is de¯ned to lay in a rich functional space
and as such it can be expressedin the basis of the space(possibly in¯nite). However to avoid
exact ¯tting of a measurednoisy signal we need to incorporate somea priori assumptionsabout
the smoothnessof the desiredsignal of interest which is usually achieved through di®erent forms
of regularization. The appropriate functional spaceand regularization form selectionfor di®erent
typesof noisedistribution and typesof signalsare the main issuesassociated with thesemethods.

In this paper we propose a novel approach which tries to combine both of these strategies.
We consider our solution to be in a reproducing kernel Hilb ert space(RKHS) (Aronszajn, 1950;
Saitoh, 1988). A straightforward connectionbetweena RKHS and the corresponding feature space
representation allows us to de¯ne the desired solution in a form of penalized linear regression
model. More speci¯cally, we consider a kernel PLS regressionin a feature spaceF (Rosipal &
Trejo, 2001). The basisfunctions Ãi (x) are taken to be scorevectors obtain by kernel PLS, which
may be seenas the estimatesof an orthogonal basis in F de¯ned by the measuredsignal and the
kernel function used. These estimates are sequentially obtained using the existing correlations
betweennonlinearly mapped input data into F and the measurednoisy signal, that is, extracted
basis functions closely re°ect existing input-output dependencies. Thus, the construction of the
basisfunctions is given by the measuredsignal itself and is not a priori pre-de¯ned without respect
to the measuredsignal. The secondstage of the proposedapproach reducesto the problem of
setting the number of basis functions p. The sequential structure of the extracted basis functions
with respect to increasingdescription of the overall varianceof the measuredsignal motivates our
use of the Vapnik-Chervonnekis (VC) based model selection criterion (Cherkassky et al., 1999;
Cherkassky & Shao, 2001). A low computation cost of this in-sample model selection criterion
makes it a good candidate for the consideredtask of smoothing observed noisy signals.

Next, we extend the methodology of kernel PLS smoothing by assuming a set of locally-
basedkernel PLS models. The concept of locally weighted regressionwas originally proposedby
Cleveland (1979) and its extension to linear PLS was discussedin Centner and Massart (1998).
Our conceptof locally weighted kernel PLS regressiondi®ersfrom theseprevious approaches. We
try to model nonlinear relations between original input and output data by a proper selection
of a kernel function and a consideredlevel of regularization. However, in practice, it might by
di±cult to ¯nd such a kernel PLS regressionmodel that guarantee a perfect ¯t over all parts of
the signal. This may occur especially in the casewhere the desired signal of interest consistsof
several di®erent parts where degreeof smoothnessmay not be stationary. Thus, with the aim to
construct a regressionmodel with a higher °exibilit y to ¯t the desiredsignal of interest we consider
a locally weighted linear PLS model in F . Note that term weighted regressionis sometimesalso
associated with a robust regressionestimate where the a set of weights is determined by the
residuals between predicted and observed output values (Cleveland, 1979; Silverman, 1985). In
this paper we consider a noise element of the observed signal to be homogeneousand stationary
over di®erent parts of the signal and our concept of weighting is based on spatial distances of
the neighboring input points only. To stressthis fact, in the next, we use the term locally-based
regressioninstead of locally weighted regression.
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It is our intention to construct an appropriate weighting schemebasedon a priori information
about an approximate location of points of changeof the signal curvature, areasof di®erent degrees
of smoothnessor other local inhomogeneitiesoccurring in the signal. In this paper we focus on
a problem of smoothing event-related potentials signals corrupted by high levels of noise where
this kind of information is known from many psychological observations. The spatial localization
of individual kernel PLS models is achieved by incorporating weight functions re°ecting the local
areasof interest. Depending on weight function selection this allows us to construct soft or hard
thresholding regionswherekernelPLS regressionmodelsareconstructed. Final regressionestimate
consistsof the weighted summation of individual local kernel PLS regressionmodels. Finally, the
sameform of information is included into smoothing splines and locally-basedsmoothing spline
model is proposed.

We compareour methodology of kernel PLS and locally-basedkernel PLS smoothing with the
wavelet basedsignalde-noising,smoothing splinesand locally-basedsmoothing splineson heavisine
function and generatedhuman ERPs distributed over individual scalp areas. We investigate the
situations with di®erent levels of additiv e uncorrelated or spatio-temporal correlated noiseadded
to thesegeneratedsignals. The wavelet shrinkagemethod is inherently designedto deal with local
inhomogeneitiesin the signal, and may serve as a referencefor detecting inhomogeneitiesusing
other methods. We useheavisine function as an illustrativ e example on which the usedmethods
are also comparedin terms of the recovery of local inhomogeneity.

2 Metho ds

2.1 Basic De¯nitions

Consider the regressionmodel
yi = g(x i ) + ² i (1)

where f yi gn
i =1 represent observations at equidistant designpoints f x i gn

i =1 ; a < x1 < x2 < : : : <
xn < b in [a;b] and f ² i gn

i =1 are errors not restricted to be uncorrelated or to be drawn from a
pre-speci¯ed probabilit y distribution. In this paper we considernonparametric estimation of the
function g(:). We assumethat g(:) is a smooth function in a functional spaceH. To restrict
our estimate of g(:) in H to be a function with the desired smoothnessproperty we consider an
estimate ĝ to be obtained as

ĝ(:) = argmin
g2H

"
1
n

nX

i =1

(yi ¡ g(x i ))2 + »­( g)

#

(2)

In this formulation » is a positive number (regularization coe±cient, term) to control the trade-o®
betweenapproximating properties and the smoothnessof g(:) imposedby the penalty functional
­( g). Further we will assumethat H is a RKHS which provides a ¯nite dimensional solution of
(2) in spite of the fact that (2) is de¯ned over an in¯nite-dimensional space.Kimeldorf and Wahba
(1971) have shown that the solution of (2) leadsto a general¯nite dimensional form known as the
Representer theorem:

ĝ(x) =
nX

i =1

di K (x i ; x) +
lX

j =1

ej Àj (x) (3)

where the functions f Àj (:)gl
j =1 span the null spaceof H and the coe±cients f di gn

i =1 , f ej gl
j =1 are

given by the data. K (x; y) is a positive de¯nite kernel function; that is, a symmetric function of
two variablessatisfying the Mercer theorem conditions (Mercer, 1909;Cristianini & Shawe-Taylor,
2000; SchÄolkopf & Smola, 2002).1 Using the eigen-expansionany kernel function can be written

1We consider one-dimensional input space,however, the following theoretical results are equally valid for a higher
dimensional scenario.
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as

K (x; y) =
SX

i =1

¸ i Ái (x)Ái (y) = h©(x); ©(y)i = ©(x)T ©(y) (4)

where f ©(:)gS
i =1 and f ¸ i gS

i =1 are corresponding eigenfunctions and eigenvalues, respectively. It
becomesclear that any kernel K (x; y) also corresponds to a canonical (Euclidean) dot product in
a possibly high-dimensional spaceF where the input data are mapped by

© : X ! F
x ! (

p
¸ 1Á1(x);

p
¸ 2Á2(x); : : : ;

p
¸ SÁS (x))

The spaceF is usually denotedasa feature space and ff
p

¸ i Ái (x)gS
i =1 ; x 2 X g asfeature mappings.

2.2 Kernel Partial Least Squares Regression

Assume a nonlinear transformation of x 2 R into a feature spaceF . Using the straightforward
connectionbetweena RKHS and F Rosipal and Trejo (2001) have extendedthe linear PLS regres-
sion model into its nonlinear kernel form. E®ectively this extensionrepresents the construction of
linear PLS model in F . Denote © the (n £ S) matrix of zero mean mapped input data ©(x) into
an S-dimensional feature spaceF and denote Y the (n £ M ) matrix of zero mean outputs. The
kernel PLS method ¯nds weight vectors a; b such that

max j~aj= j ~b j=1 [cov(©~a; Y ~b)]2 = [cov(©a; Yb )]2 = [cov(t ; u)]2

where cov(t ; u) = t T u=n denotesthe samplecovariance betweenthe F -spacescorevectors (com-
ponents, latent variables) t and Y-spacescorevectorsu. It can be shown that we can estimate the
scorevector t as ¯rst eigenvector of the following eigenvalue problem (HÄoskuldsson,1988;Rosipal,
2003)

KYY T t = ¸ t (5)

where K represents the (n £ n) Gram matrix of the cross dot products between all input data
points f ©(x)gn

i =1 , that is, K ij = K (x i ; x j ) whereK (:; :) is a selectedkernel function. The Y-scores
u are then estimated as

u = YY T t (6)

After the extraction of new scoresvectors t ; u the matrices K and Y are de°ated. The de°ation
of thesematrices takesthe form

K Ã (I n ¡ tt T )K (I n ¡ tt T ) ; Y Ã (I n ¡ tt T )Y (7)

where I n is an n-dimensional identit y matrix.
Finally, taking into account normalized scorest we de¯ne the estimate of the PLS regression

model in F as
Ŷ = KU (T T KU )¡ 1T T Y = TT T Y (8)

Denote dm = U (T T KU )¡ 1T T y m ; m = 1; : : : ; M where the (n £ 1) vector y m represents the
mth output variable. Then we can rewrite the solution of the kernel PLS regression(8) for the
mth output variable as

ĝm (x; dm ) =
nX

i =1

dm
i K (x; x i )

which agreeswith the solution of the regularized formulation of regression(2) given by the Rep-
resenter theorem (3). Using equation (8) we may also interpret the kernel PLS model as a linear
regressionmodel of the form

ĝm (x; cm ) = cm
1 t1(x) + cm

2 t2(x) + : : : + cm
p tp(x) =

pX

i =1

cm
i t i (x) (9)
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where f t i (x)gp
i =1 are p scorevectors evaluated at the data point x and cm = T T y m is the vector

of weights for the mth regressionmodel.
At the beginning of the section we assumeda zero mean regressionmodel. To center the

mapped data in a feature spaceF we can simply apply the following procedure(SchÄolkopf et al.,
1998;Rosipal & Trejo, 2001)

K Ã (I ¡
1
n

1n 1T
n )K (I ¡

1
n

1n 1T
n )

where 1n represent a (n £ 1) vector with elements equal to one.
It is worth noting that the scorevectors f t i g

p
i =1 may be represented asfunctions of the original

input data x. Then, the proposedkernel PLS regressiontechnique can be seenas a method of
sequential construction of a basis of orthogonal functions f t i (x)gp

i =1 which are evaluated at the
discretized locations f x i gn

i =1 . It is also important to note that the scorevectorsare extracted such
that they increasingly describe overall variance in the input data spaceand more interestingly
also describe the overall variance of the observed output data samples. In Fig.1 (top plot) we
demonstrate this fact on example taken from Wahba (1990). We compute the function g(x) =
4:26(e¡ x ¡ 4e¡ 2x + 3e¡ 3x ) at n = 101 equally spaceddata points x i in the interval [0; 3:25] and
add independently , identically distributed noisesamples² i generatedaccording to N (0; 0:04).

This example suggestthat to more precisely model the ¯rst negative part of the generated
g(:) function we need to use score vectors which generally re°ect higher frequency parts of the
investigatedsignal (seealsoFig. 2). On contrary this may potentially lead to lowering the accuracy
of our estimate over \smoother" parts of the signal. In our casesecondpositive part of the g(:)
function. However, in many practical situations we may observe data segments wherethe observed
function changesdramatically its curvature or even more we may have a priori information about
the approximate locations of thesesegments. In the next subsectionwe describe the construction
of locally-basedkernel PLS regressionmodels which incorporate this information.

2.2.1 Lo cally-Based Kernel Partial Least Squares Regression

To start this sectionwe ¯rst demonstratehow the locally-basedapproach to kernel PLS described
below may improve our estimate on the previous example. Consider that to model the ¯rst part
of the generated function g(:) we use the data in the range [0; 1:5] and remaining data will be
usedto model secondpart of the function. To avoid discontinuities on the common edgeof these
two models we will intro duce a form of soft clustering. This simply meansthat to construct both
models we use all available data points, however, we intro duce di®erent weighting of individual
data points. We considerweighting functions to be uniform over the individual parts of the signal
and to be exponentially decreasingat the edges(the used weighting functions are depicted at
the top of the bottom plot in Fig. 1). From Fig. 1 (bottom plot) we may observe a smoother
estimate over the secondpart of the generatedg(.) function using this locally-basedPLS approach
in comparisonto the results obtained with the global kernel PLS regression.Both estimatesover
the ¯rst part of the function provides comparable results. However, in the caseof locally-based
kernel PLS regressionwe usedonly four scorevectors extracted in each locally-basedkernel PLS
model in comparison to eight score vectors (selected based on minimum mean square error on
clean signal) used in the global kernel PLS model. The overall mean squarederror in the caseof
locally-basedkernel PLS regressiondecreasedby a factor of two, as comparedto the global kernel
PLS regressionmodel.

Now, we provide a more rigorous description of the method. First, we considerthe soft or hard
clustering of the input data and their associated outputs. We intro duce a weighting function r (x)
which re°ects importance of the point x in a kernel PLS model. The points having very small
or zero valuesof the function r (:) will e®ectively be excludedfrom the construction of orthogonal
PLS basis (PLS scorevectors extraction) for a regressionmodel and vice-versa. The weighting
functions are de¯ned is such a way that the overall kernel PLS model is decomposedinto several
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local kernel PLS sub-models.2 The ¯nal model is then basedon a composition of the individual
locally-basedkernel PLS models.

Let the (n £ 1) vector r represent the valuesof the weighting function r (:) at the training data
points f x i gn

i =1 . The weighted centering of © given by r is

© r = R d(© ¡ 1n
r T ©
r s

) = (R d ¡
rr T

r s
)©

where r s =
P n

i =1 r i and R d is the (n £ n) diagonal matrix with elements on diagonal equal to r i .
Consequently , the centered Gram matrix will have the form

K r = © r ©T
r = (R d ¡

rr T

r s
)K (R d ¡

rr T

r s
)

Similarly, we do weighted centering of the output data

Y r = R d(Y ¡ 1n
r T Y

r s
) = (R d ¡

rr T

r s
)Y

Consider that we de¯ne Z clusters basedon which Z locally-based kernel PLS models are con-
structed. De¯ne centered Gram matrix K z

r and the outputs matrix Y z
r constructed using the

weight function r z (:) associated with the zth cluster. Using (5) and (6) where K is replaced by
K z

r and Y is replacedby Y z
r , respectively, we obtain the scorest z ; uz of the zth kernel PLS model.

After each step wede°ate K z
r and Y z

r matrices in the sameway asdescribed in the previoussection
(eqs. (7)).

Denoting by T z and U z the matrices with columns consisting from the extracted t z ; uz scores
the kernel PLS regressionestimate for the zth cluster is given as

Ŷ z
r = T z (T z )T Y z

r

To expressthis estimate in the original not centered variables we can write

Ŷ z = R ¡ 1
d Ŷ z

r + 1n
(r z )T Y

r z
s

where r z
s is the sum of the elements of the weighting vector r z de¯ned for the zth cluster by the

weight function r z (:). To be consistent with our previous notation we denote by

ĝm (x i )z def= (ŷz
i )m ; i = 1; : : : ; n ; m = 1; : : : ; M ; z = 1; : : : ; Z

the locally-basedkernel PLS estimate for the zth cluster for the mthe output variable at the data
point x i . The ¯nal locally-basedkernel PLS regressionmodel consistsof the weighted summation
of Z individual local kernel PLS regressionestimates. This estimate for the input point x i is given
as

ĝm (x i ) =
ZX

z=1

r z
i ĝm (x i )z=

ZX

z=1

r z
i ; i = 1; : : : ; n ; m = 1; : : : ; M

where f r z
i gn

i =1 are the elements of the weighting vector r z .
Finally, let us make several generalcomments on the locally-basedand also global kernel PLS

methodology:
a) First we have to stressthat we de¯ned the weighting function r (:) basedon existing general

knowledgeabout the signalof interest, visual inspection of the noisy data, detection of the segments
with signi¯cant changeof the curvature, degreesof smoothness,etc. The obvious question which
may occur is how the segmentation (clustering) of the input data will be \transformed" into the

2This is analogous to the strategy used to construct the mixture of probabilistic principal component analyzers
(Tipping & Bishop, 1999) where the function r (:) represents a posterior responsibilities of individual data points x.
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clustering of the data in a feature spaceF . This is an important issuedue to the fact that we
consider local PLS in F , not in the original input space. We may believe that we can invoke
good clustering in a feature space F if the nonlinear mapping to F will be smooth and will
preserve topological relations of the original input data. In all our experiments with the kernel
PLS model or its locally-based version we have used the Gaussian kernel function K (x i ; x j ) =

exp(¡ kx i ¡ x j k2

l ) where l is the parameter controlling the width of the Gaussian function. By
using a wider Gaussian kernel function we can not successfullylocalize very small segments of
input data. Data corresponding to small distances in input spacewill be \°o cked" together in
F . In opposite for a smaller width l of the Gaussiankernel function the input data with greater
distanceswill be too \spread" in F and intended localization may be lost. The inspection of the
graphs re°ecting dependenceof feature spacedistanceson input spacedistance of the equidistant
points generatedin the interval [¡ 1; 1] suggestto use l parameter in the range of [0:1; 1:4]. The
theoretical value of two times the variance of uniformly distributed data in [¡ 1; 1] equals0:¹6 and
in all our experiments with the Gaussiankernel function this motivates our choice of the width l
to be equal 0:6.

b) As we might already observe the kernel PLS method iterativ ely extracts orthogonal score
vectors describing overall variance of the input as well as output data. This e®ectively creates
a sequenceof orthogonal functions with increasing \complexit y". Here we de¯ne the complexity
in the sensethat the ¯rst kernel PLS scorevectors will pick up the trend of the output function
and will represent rather smooth slowly-varying functions. In contrast higher scorevectors will
represent higher frequencycomponents of the output signal or noise. We note that this hypothesis
in general will depend on the selectedkernel function. However, in our setting we have used
the Gaussiankernel function which has a nice smoothing property basedon the fact that higher
frequency components are suppressed(Girosi et al., 1995; SchÄolkopf & Smola, 2002). We may
hypothesizethat the above argument will be true for such a classof \smooth" kernel functions.
In Fig. 2 we demonstrate this argument using several scorevectors extracted in previous example
where we have usedGaussiankernel with the width l equal to 1:8.3

c) Described locally-based and global kernel PLS regressionis well de¯ned for univariate as
well as multiv ariate outputs scenario. In the caseof multiv ariate outputs this approach opensthe
possibility for spatio-temporal modeling of a collection of signals of interest. This can be useful
in the casethat observed signalsrepresent di®erent time realizations or measurements at di®erent
spatial locations. Or also in the situations whereboth, di®erent time and spatial measurements of
the sameor similar signalsof interest g(:) are collected. We simply arrange the output matrix Y
to be the matrix with columnsrepresenting thesedi®erent temporal or spatial signal(s) of interest.
The extracted scorevectorswill represent commonfeaturesof thesedi®erent realizations. Finally,
we would like to note that the \k ernel tric k" (4) allows us to easily extend the methodology to
the caseof multidimensional inputs and also for the caseof not equally sampleddata.

d) As we noticed in the previous example the locally-basedkernel PLS approach provided (in
terms of MSE) a better estimate of the generatedfunction g(:). This was achieved with smaller
number of four di®erent score vectors used in individual local kernel PLS models. On several
di®erent data sets we experimentally observed that to properly smooth the noisy data over the
segments with low curvature of g(:) individual locally-basedkernel PLS neededlessthan 8-10score
vectors. In many casesless than ¯v e scorevectors provided best results. This was observed on
di®erent smoothing problems described in the paper and other non-published data sets as well.
However, results of Rosipal and Trejo (2001) indicate that if the regressiontask with smaller level
of output noise is of interest this number may increase. In the current paper we provide results
where the maximum number of score vectors used in individual local kernel PLS models was
restricted to be the ¯rst four scorevectors. The ¯nal number p · 4 of scorevectors was selected
using the model selectioncriterion described in the next section.

3We just remind the reader that the kernel PCA decomposition without any connection to the output function
would lead to the extraction of the principal components similar to a trigonometric series expansion for a Gaussian
kernel (SchÄolkopf & Smola, 2002; Rosipal & Trejo, 2001).
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2.2.2 Mo del Selection

We have already noticed that kernel PLS extracts scorevectors with increasingcomplexity in the
senseof remark b) in the previous section. This construction of a sequenceof functions with
increasingcomplexity also motivates our useof the idea of Vapnik's structural risk minimization
approach for model selection, that is, in our casethis is the determination of the number of score
vectorsp usedin each locally-basedkernelPLS regressionmodel. Vapnik (1998)hasshown that for
regressionproblems with a squaredlossfunction the following bound on an estimate of in-sample
prediction error (PE) holds with probabilit y 1 ¡ ´

PE ·
1
n

nX

i =1

(yi ¡ ĝ(x i ))2

Ã

1 ¡ c

r
h(ln( an

h ) + 1) ¡ ln ´
n

! ¡ 1

+

(10)

whereh is VC dimensionof the set of approximating functions, c is a constant re°ecting the \tails
of the loss function distribution", a is a theoretical constant and

(x)+ = x if x > 0
0 otherwise

The ¯rst term on right hand side of (10) represents empirical error while the second term is
often called penalization factor, which for increasing complexity of the regressionmodel in°ates
empirical error.

For practical use it is di±cult to compute the exact VC dimension for an arbitrary set of
functions, moreover, it can be in¯nite for some classesof functions. However, constructing a
regressionfunction to be a linear combination of a ¯nite (¯xed) set of basis functions, ordered
basedon the increasing complexity, Cherkassky et al. (1999) and Cherkassky and Shao (2001)
suggestedto take the following heuristic penalization factor

Ã

1 ¡

r

v ¡ v ln v +
ln n
2n

! ¡ 1

+

where v = p=n with p representing VC dimension of the consideredregressionfunction (9) with
p terms. To complete this replacement Cherkassky et al. (1999) set ´ = 1=

p
n and they have

consideredparametersa; c to be equal one.4 In comparisonwith other model selectioncriteria, it
was demonstrated that the new model selection criterion motivated by the structural risk mini-
mization theory and VC dimension may provide comparableor better results (Cherkasskyet al.,
1999;Cherkassky& Shao,2001).

2.3 Univ ariate Smoothing Splines

We again considermodel (1) and we further assumethat the function g(:) belongsto the Sobolev
Hilb ert space

W 2
2 [0; 1] = f f : f ; f 0 absolutely continuouson [0; 1];

Z 1

0
(f 00(x))2dx < 1g

which determinesthe smoothnessproperties of g(:). Without lack of generality we consider input
data to be in the interval [0; 1]. Wahba (1990) hasshown that the samegeneralframework for the
solution of regularized functional (2) in a RKHS can also be applied for smoothing splines. More
precisely, the RKHS is a Sobolev Hilb ert spaceand the penalty functional ­( g) is the semi-norm
of the space. In our caseof W 2

2 [0; 1] the following regularized functional is considered

ĝ(x) = arg min
g2W 2

2 [0;1]

"
1
n

nX

i =1

(yi ¡ g(x i ))2 + °
Z 1

0
(f 00(x))2dx

#

(11)

4For more detail description of this reasoning see(Cherk assky et al., 1999; Cherkassky & Shao, 2001) .
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which provides a unique solution known as a natural cubic spline. This solution has the following
proprieties

ĝ(x) =

8
>><

>>:

¼1 for x 2 [0; x1]
¼3 for x 2 [x j ; x j +1 ]
¼1 for x 2 [xn ; 1]
C2 x 2 [0; 1]

where¼k are polynomials of degreek and C2 represents functions of 2 continuousderivatives. The
smoothnessof the solution is controlled through the parameter ° ¸ 0. Adapting theory of RKHS
and the Representer theorem (3) we can write the solution of (11) in the form (Wahba, 1990)

ĝ(x) = e1À1(x) + e2À2(x) +
nX

i =1

di K (x; x i ) (12)

where À1(x) = 1; À2(x) = x ¡ 1=2 and

K (x; x i ) = 1
4 ((x ¡ 1

2 )2 ¡ 1
12 )(( x i ¡ 1

2 )2 ¡ 1
12 )

¡ (( jx ¡ x i j ¡ 1
2 )4 ¡ 1

2 (jx ¡ x i j ¡ 1
2 )2 + 7

240 )=24
(13)

To estimate the vectors of unknown coe±cients e = (e1; e2)T ; d = (d1; d2; : : : ; dn )T we need to
solve the following optimization problem

argmin
e;d

·
1
n

ky ¡ (¨e + Kd )k2 + ° dT Kd
¸

(14)

where y = (y1; : : : ; yn )T ; K is the Gram matrix with (i; j )th entry to be equal K (x i ; x j ) of (13)
and ¨ is the (n £ 2) matrix with (i; j )th entry Àj (x i ). It can can be further shown (Wahba, 1990;
Green & Silverman, 1994) that we can expressthis solution in the form

ĝ = S° y

where ĝ denotes(n £ 1) vector of ¯tted valuesĝ(x i ) at the training input data points f x i gn
i =1 and

S° is the smoother matrix which dependsonly on f x i gn
i =1 and ° .

In the caseof independent, identically normally distributed errors ² i the minimum of generalized
cross-validation (GCV) function was proved to provide a good estimate for ° (Wahba, 1990)

GCV(° ) =
1
n

nX

i =1

[
yi ¡ ĝ(x i )

1 ¡ tr ace(S° )=n
]2

Finally, we extend smoothing splines to the locally-based smoothing splines model by mini-
mizing weighted form of (14). Using the previously de¯ned diagonal weighting matrix R d this is
given by replacing the K and ¨ matrices in (14) by their weighted versionsR dKR d and R d¨ .

3 Data Construction

3.1 Heavisine function

To examine the performanceof kernel PLS and locally-basedkernel PLS methods we selecteda
standard exampleof de-noisingheavisine function taken from Donoho and Johnstone(1995)

g(x) = 4sin (4¼x) ¡ sign(x ¡ 0:3) ¡ sign(0:72¡ x)

The function of a period one has two jumps at x1 = 0:3 and x2 = 0:72. The function scaledinto
interval [¡ 1; 1] is depicted in Fig. 7b. We computed heavisine function on ¯v e sets of equally
spaceddata points with number of samples124, 256, 512, 1024and 2048,respectively. We added
Gaussiannoiseof two levelssuch that signal-to-noiseratio (SNR) was1dB and 5dB, respectively.5

We created 50 di®erent replicates of the noisy heavisine function for each set of di®erent lengths
and noise levels.

5 In all our experiments we de¯ne SNR to be 10 log10
S
N , where S =

P n
i =1

g(x i )2 is a sum of squared amplitudes

of clean signal and N =
P n

i =1
²2

i is the sum of squared amplitudes of noise, respectively.
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3.2 Event Related Poten tials

We simulated brain event related potentials (ERPs) and ongoing electroencephalogram(EEG)
activit y using the dipole simulator program of the BESA software package.6 In this scenariowe
consider EEG to represent spatially and temporally correlated noise added to the ERPs. This
simulation provides a reasonablebut simpli¯ed model of real-world ERPs measurements.

The sourcesof simulated ERPs wererepresented by ¯v e dipoleswith di®erent spatial locations
and orientations. The placement of the dipoleswith their sampleactivation function is presented
in Fig. 3. The dipoles that contribute to the ERP produce a composite waveform with four
prominent peaks: N1 (negative peak with the latencies in the range 100-140ms), P2 (positive
peak with the latencies in the range 200-240ms), N2 (negative peak with the latencies in the
range250-300ms) and P3 (positive peakwith the latency in the range340-400ms) asobserved on
Cz electrode. Thesefour peakscorrespond to well known components of human auditory or visual
ERP (Hilly ard & Kutas, 1983;Naatanen & Picton, 1987;Naatanen & Picton, 1986;Parasuraman
& Beatty, 1980;Picton et al., 1974). We generated20 di®erent realizations of ERPs on the scalp
by randomly changing the latenciesof peaksand amplitudes of the individual activation functions.
Thesedipoleswere used to generatea full scalp topography containing 19 data channels located
using the International 10-20 System (Jasper, 1958). An average of the signal at the mastoid
electrodes A1 and A2 was used as the referencesignal for other electrodes. A sample of ERP
for one of 20 di®erent trials is also shown in Fig. 3. Individual data epochs were designedto
be 800 ms long starting 100 ms before the event. We have used a sampling rate equal to 640Hz
resulting in 512 data points per epoch. In the next step coherent noise modeling of ongoing
EEG activit y was added to the generated ERPs. The noise data waveforms are summed over
the contributions from 200 di®erent sources(dipoles) with random locations and orientations.
The noise is generatedsuch that there is a high correlation betweensignal amplitudes from close
electrodes. The frequency characteristic re°ects characteristics of EEG spectra (1=

p
f + 1) with

added dominant ®-band frequency about 10Hz. The weighting of the ®-band in comparison to
the other frequencieswas changed in each realization but the proportion of the ®-band stays in
the range of 40%¡ 60%. Two di®erent levels of the amplitudes of the noise signal waveforms
were set. This created two sets of noisy ERPs with averagedSNR over the electrodes and trials
to be equal 5dB and ¡ 1:5dB, respectively. The samesampling rate as described above was used.
Finally, temporally and spatially uncorrelated Gaussian noise was added to the generateddata
to represent measurement noise and other non-biological sources. For the ¯rst set of the data
the zero mean noise with standard deviation equal to 0:5¹ V was generated. In the secondcase
standard deviation of the white Gaussiannoise was increasedto 1¹ V. The noise was generated
for each channel individually and referencedto averageof A1 and A2 electrodes. This resulted in
¯nal averagedSNR over electrodesand trials to be equal 1:3dB and ¡ 4:6dB, respectively.

4 Exp erimen ts

To evaluate our results we have usedtwo measuresof goodnessof ¯t to the cleansignal g(:). First,
the normalized root mean squareserror (NRMSE) was de¯ned as

NRMSE =

s P n
i =1 (g(x i ) ¡ ĝ(x i ))2

P n
i =1 (g(x i ) ¡ ¹g(x))2

; ¹g(x) =
1
n

nX

i =1

g(x i )

The secondmeasurewe have used is Spearman's rank correlation coe±cient (SRC) between the
de-noisedsignal ĝ(:) and the original noise-freesignal g(:) (Heckman & Zamar, 2000). Although
both measurescan provide good intuition about the goodnessof ¯t and similarit y of the shapes
betweenour estimate of the signal of interest and the signal itself, they re°ect mainly the overall
characteristics of the ¯t. Thus we have also visually inspected smoothness of the individual
estimatesĝ(:) and goodnessof ¯t of inhomogeneitiesin the signal g(:).

6http://www.besa.de
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4.1 Heavisine function

Both the kernel PLS (KPLS) and locally-based kernel PLS (LKPLS) methods were compared
with smoothing splines(SS), locally-basedsmoothing splines(LSS) and Wavelet Shrinkage(WS)
methods.

In the caseof KPLS and LKPLS equally spaceddata in the interval [¡ 1; 1] were used. The
theoretical value of two times the variance of uniformly distributed data in [¡ 1; 1] equals0:¹6 and
in all our experiments with the Gaussiankernel function this motivates our choice of the width l
to be equal 0:6. Visual inspection of a sampleof a noisy heavisine function (Fig. 7a) suggeststo
considerfour segments (intervals) S1 =([-1,-0.5],[-0.5,0],[0,0.5],[0.5,1])for LKPLS. Thesesegments
re°ect four \bumps" visible on the noisy function over which individual local kernel PLS models
areconstructed. Weset the weighting function r (:) to beequal to 1 within the individual segments.
The segments are overlapped with exponentially decaying values in a way that it reaches values
close to zero in the middle of the adjacent segments. In the secondcasewe assumethat the
approximate location of the local inhomogeneity closeto the point 0:45 is known in advance. We
rearrange the four segments to be S2 =([-1,-0.5],[-0.5,0.4],[0.4,0.5],[0.5,1])and set the weighting
function r (:) to be equal to 1 within the individual segments. We used the samedecay of r (:) as
in the ¯rst caseto overlap the segments. The samesegmentation and weighting functions rescaled
into the interval [0; 1] were usedin the caseof LSS.

We investigated di®erent settings of the WS method as implemented in the Matlab Wavelet
Toolbox.7 Comparing the results in the terms of NRMSE and SRC on recovery of the original noise-
free heavisine function we examined di®erent families of wavelets, di®erent numbers of wavelet
decomposition levels and di®erent threshold selection rules as implemented in the wdenfunction
of the Wavelet Toolbox. The best results were achieved and are reported using the Daubechies 4
family of wavelets,periodic extensionat the edges,SURE asthe threshold selectionrule, threshold
rescaling using a single estimation of level noise based on the ¯rst-lev el of coe±cients and soft
thresholding of detail coe±cients at level N ¡ 1, where N is maximal number of decomposition
levels as de¯ned by the number of data points used. Thesesettings are in good agreements with
¯ndings of Donoho and Johnstone(1995).

First, the KPLS regressionapproach wascomparedwith LKPLS using two di®erent segmenta-
tions of the observed noisy signal. In the caseof KPLS we observed that by ¯xing number of score
vectors to be in the range 8 ¡ 15 we may achieve good performanceof the method. We have also
observed that the VC-basedmodel selection criterion described in Section 2.2.2 has a tendency
to underestimate a number of selectedscorevectors in the caseof a large number of data points
(512,1024,2048).Consequently KPLS regressionresulted in lower accuracythan that found with a
¯xed number of scorevectors. In the caseof small number of data points (128,256)the VC-based
model selectioncriterion provided comparableor better results than the casewherea ¯xed number
of scorevectors was used. The number of scorevectors in these caseswas set to 12. In the case
of LKPLS, limiting the number of scoresvector to the ¯rst four and using the VC-basedmodel
selectioncriterion to select the ¯nal number provided good results. In Fig. 4 a boxplot with lines
at the lower quartile, median, and upper quartile valuesand a whisker plot of the distribution of
NRMSE over 50 di®erent runs corresponding to the caseof SNR=5dB is depicted (qualitativ ely
similar results were achieved in the caseof SNR=1dB). In terms of the median and upper and
lower quartiles of NRMSE the LKPLS method outperformed KPLS for samplesof 512,1024and
2048 points in both SNR scenarios. In terms of SRC we observed qualitativ ely the sameresults
as described for NRMSE. In the caseof SNR=1dB the median of SRC for the KPLS and LKPLS
methods wasin the rangebetween0:952¡ 0:997with smaller valuesstarting for the caseof smaller
number of samplesused. In the caseof SNR=5dB the range of median valuesof SRC for KPLS
and LKPLS was between0:983¡ 0:997 corresponding to the high \agreement of shapes" between
estimatesĝ(:) and the original noise-freeheavisine function g(:). To statistically comparethe best
results achieved with individual methods the nonparametric sign test and the Wilcoxon matched-
pairs test were used to test the hypothesisabout the di®erenceswithin the pairs of NRMSE and
SRC (only the caseswheresigni¯cant di®erencein both NRMSE and SRC terms wasobserved are

7http://www.mathworks.com/
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considered). The signi¯cance level for all tests was set to ® = 0:01. In the caseof SNR=1dB and
samplesof 256,512,1024 and 2048 points two-sided as well as one-sidealternativ e of both tests
provided statistically signi¯cant superiorit y of LKPLS- S2 over KPLS in both, NRMSE and SRC,
terms. For the samesample sizesLKPLS- S1 resulted in smaller median NRMSE values in com-
parison to KPLS, however, no statistically signi¯cant di®erenceswereobserved in this case.KPLS
signi¯cantly outperformed LKPLS- S1 for samplesizeequal to 128. In the caseof SNR=5dB the
statistically signi¯cant superiorit y of LKPLS- S2 over KPLS was observed for all di®erent sample
size sets. Similar to the previous SNR=1dB caseLKPLS- S1 in comparison to KPLS provided
smaller median NRMSE but comparable median SRC values. Again, no statistically signi¯cant
di®erenceswere observed betweenLKPLS- S1 and KPLS.

In the next step SSand LSS using two di®erent segmentations were compared. Although SS
using the GCV criterion resulted in good recovery of the noise-freeheavisine function, this model
selectioncriterion failed when the LSS models were considered.More precisely, we observed that
GCV applied to individual local smoothing splinesmodels tends to selectsmall valuesof ° leading
to strong over¯tting. Therefore,we constrainedthe rangeof the smoothing parameter with respect
to the observed test errors. The minimum value of ° consideredfor GCV was set to 1e¡ 5 in the
caseof SNR=1dB and to 1e¡ 6 in the caseof SNR=5dB. In Fig. 5 a boxplot of NRMSE using
thesesetting of ° is depicted. In contrast to LKPLS we can not seeany obvious improvement of
LSS in comparison to SS. The sameobservation was true for SRC. Qualitativ ely similar results
(not shown) were obtained for SNR=1dB. In the caseof SNR=1dB two-sided as well as one-
side alternativ esof both nonparametric tests did not show any statistically signi¯cant di®erences
between SS and LSS-S1. The same was true for SS compared with LSS-S2 except sample size
equal to 512 in which caseLSS-S2 signi¯cantly outperformed SS. In the caseof SNR=5dB the
statistically signi¯cant superiorit y of SSover LSS-S1 wasobservedfor samplesof 128and 256points
and for samplesizeequal to 128in comparisonto LSS-S2. In contrast, LSS-S2 outperformedSSfor
samplesof 1024and 2048points. Finally, we note that the median of SRC for SSand LSS varied
in the range0:940¡ 0:997for SNR=1dB and in the range0:961¡ 0:998for SNR=5dB, respectively,
providing good agreement of the recovered curveswith the original noise-freeheavisine signal.

Next, the LKPLS- S2 and LSS-S2 approaches were compared with WS. The results in terms
of NRMSE for the caseof SNR=5dB are depicted in Fig. 6. In general we observed superiorit y
of both locally-basedapproachesover WS. In the caseof SNR=1dB two-sidedas well as one-side
alternativ e of both nonparametric tests showed statistically signi¯cant superiorit y of LKPLS- S2

over WS for all sample sizesexcept 128. LSS-S2 outperformed WS for all sample sizes. Tests
also showed statistically signi¯cant superiorit y of LKPLS- S2 over LSS-S2 for samplesizeof 2048
points. In contrast, LSS-S2 outperformedLKPLS- S2 in the caseof samplesizeequal to 128. In the
caseof SNR=5dB, LKPLS- S2 and LSS-S2 showed signi¯cant superiorit y over WS for all samples
sizesexcept 2048. LKPLS- S2 preformed better than LSS-S2 for samplesizes128,256and 512and
no signi¯cant di®erenceswere observed betweenthesetwo locally-basedmethods for samplesizes
1024and 2048.

Using the LKPLS- S2, LSS-S2 and WS methods we visually inspected all 50 trials in the case
of 2048samplesand both SNRs. In the caseof SNR=5dB we could con¯rm the detection of local
inhomogeneity closeto the point 0:45 in almost all trials using the LKPLS- S2 (47 trials) and WS
(49 trials) methods. In the caseof LSS-S2 it was possiblein 39 trials. In the caseof SNR=1dB
this was possiblein 34 trials with LKPLS- S2, in 19 trials with LSS-S2 and in 20 trials with WS.
The overall smoothnessof LKPLS- S2 and LSS-S2 and their ¯t to the original noise-freeheavisine
signal visually appeared better then WS. In terms of the median NRMSE, the improvements of
the LKPLS- S2 and LSS-S2 methods over WS were 16.6%and 12.4%,respectively.

In Fig. 7 we plotted examplesof smoothed curves with the value of NRMSE closest to the
median of NRMSE achieved by the given method over all 50 trials. We may seethat using this
form of comparison only LKPLS and LSS provide the results where we can visually detect the
local inhomogeneity closeto the point 0:45.
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4.2 Event Related Poten tials

In the caseof LKPLS we again usedthe equally spaceddata in the interval [¡ 1; 1] and the width
l of the Gaussiankernel equal to 0:6. To set the weighting function r (:) we created an averageof
the ¯rst ¯v e ERP trials on electrode Pz to visually set the segments over which the LKPLS and
LSS regressionmodels were constructed. We also took into account existing knowledgeabout the
shape of real-world ERPs (Hilly ard & Kutas, 1983;Naatanen& Picton, 1987;Naatanen& Picton,
1986; Parasuraman & Beatty, 1980; Picton et al., 1974) (see also Section 3.2). This motivates
our choice of three segments ([-1,-0.3],[-0.3,0.1],[0.1,1]).We set r (:) to be equal 1 over individual
segments and then overlap the segments with exponentially decaying values of r (:) reaching the
values close to zero (less then 10e¡ 5) on interval 0:4. In the caseof LSS the segments and the
weighting functions were rescaledinto the interval [0; 1].

In the caseof WS we have used thresholds rescaledby a level-dependent estimation of the
noise level (Johnstone & Silverman, 1997). This provided better results in this casedue to the
temporally and spatially correlated noise that we added to ERPs. Other have found that in the
caseof colorednoiseGCV or CV criteria fail to provide an appropriate estimate of the smoothing
parameter ° in the SSapproach (Diggle & Hutchinson, 1989;Wang, 1998;Opsomeret al., 2001).
Although there exist several modi¯cations of GCV for the caseof colored noise usually somea
priori knowledgeabout the covariancematrix of the correlatednoiseor its parametric speci¯cations
is needed(Diggle & Hutchinson, 1989; Wang, 1998; Opsomer et al., 2001). Thus, similar to the
previous casewe have constrained the range of the smoothing parameter ° for SSand LSS with
respect to the observed test errors.

Signal averaging was also used to extract the ERPs embedded in noise (Ba»sar, 1980). This
approach has been proven to be quite useful due to the overlap of the ERP and noise spectra.
Although the assumptionof stationary, time-invariant ERPs justify this method, it may provide a
useful smooth estimate of ERPs when there exists slight variabilit y amongindividual ERP realiza-
tions. However, in this casethe information about the variation in amplitudes and latenciesover
individual trials will be smearedout. The estimate of the ERP at each electrode was constructed
to be the averageof 20 di®erent realizations of the ERP measuredat the electrode. This wastaken
to represent the samede-noisedsignal for all trials and NRMSE and SRC between this estimate
and individual clean ERP realizations was then computed. We have to stressthat in contrast to
the averagingapproach the results of other smoothing methods described are single-trial oriented.

In the caseof KPLS and LKPLS we also compareda univariate approach in which each elec-
tro de represents single KPLS or LKPLS regressionmodel with the approaches where spatial,
temporal and spatio-temporal setting of the multiv ariate outputs was used. In the spatial setting
individual columns are constructed using measurements at di®erent electrodeswhile in temporal
they are represented by di®erent time measurements at the sameelectrode. In spatio-temporal
setting we combine both approaches. We have to stressthat this spatio-temporal information is
only usedto extract commonPLS scorevectorswhile regressionmodelsare consequently built for
each electrode individually . This allows us to obtained several di®erent estimates for a particu-
lar electrode by using the KPLS or LKPLS models with di®erent settings of the output matrix.
Finally we may create a ¯nal estimate at the electrode by combining these individual estimates.
We investigated di®erent settings of local spatial distribution of the electrodes as well as more
global settings where the measurements from spatially more distributed electrodes created the
¯nal multidimensional output matrix Y . The similar modi¯cation of short-term and long-term
temporal setting was investigated and mutually combined. We observed small di®erencesamong
the results achieved over individual trials, however, in terms of averagedNRMSE and SRC over all
trials the di®erencesweresmall. Next we report the results whereoverall spatial information from
all electrodeswasused,that is, columnsof the output matrix are measurements at individual elec-
tro desover one trial. A number of selectedscorevectors for the regressionmodels corresponding
to individual electrodeswas set basedon the minimum of the VC-basedmodel selectioncriterion
for the particular model. We set the maximum number of scorevectors equal to 12 in the caseof
KPLS and to four in the caseof LKPLS.

The median values of NRMSE computed over 20 di®erent trials on each of 19 electrodes for
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two levels of averagedSNR are plotted in Fig. 8 and 9. From these plots we may observe that,
in terms of the median NRMSE and SRC, LKPLS provides better results in comparisonto KPLS
and WS on almost all electrodes. We used two-sided as well as one-sidedalternativ es of both
nonparametric tests to test di®erencesbetween matched-pairs of the NRMSE and SRC values.
The signi¯cance level for all tests was set to ® = 0:01. We observed statistically signi¯cant
superiorit y of LKPLS over KPLS on four electrodes out of 19 in the caseof SNR=1:3dB. In the
caseof SNR=¡ 4:6dB we observed this superiorit y of LKPLS over KPLS on 6 electrodes. In
comparison to WS the LKPLS method was signi¯cantly better on 11 electrodes for SNR=1:3dB
and 16 electrodes for SNR=¡ 4:6dB, respectively. Although the results using LKPLS are worse
than applying the signal averaging technique we may also observe that the same technique of
averaging applied to smoothed, de-noisedestimatesof LKPLS outperformed averaging applied to
the raw ERPs. We may observe that for a smaller level of noise the median of SRC for averaged
LKPLS estimatesis higher then the medianof SRC using raw noisy ERPs data averagingtechnique
over someof the electrodes. This suggeststhat single trial LKPLS smoothing may better follow
latency and amplitude changesamong individual ERPs realizations. In Fig. 10 we plotted an
exampletaken at electrode C4 which partially supports this assumption. We may seethat average
taken over all 20 noisy ERPs trials tends to by slightly shifted in the latency of the secondnegative
peak and lower in the amplitude of the ¯rst positive peak as compared to the clean ERP. It is
important to note that the results on someof the electrodesindicate median NRMSE greater than
one and also lower median correlation coe±cient (SRC < 0:8). This occurs on electrodes with
smaller SNR (frontal and temporal electrodes) and in these caseswe cannot expect appropriate
reconstruction of the clean ERP.

Furthermore, we wereinterestedto seeif a proper selectionof smoothnessin the caseof SSand
LSSmay provide results which would be better in comparisonto that achieved with LKPLS. With
no restriction on the minimum value of the smoothing parameter ° used in GCV (minimum °
consideredwas1e¡ 8), both SSand LSShavetendencyto follow the noisy part of the signal resulting
in signi¯cantly worseperformancein comparisonto LKPLS, KPLS and WS. Thus, in the next step,
we gradually constrainedthe minimum valuesof ° consideredand investigated the performanceof
SSand LSS on the observed test set errors. We have to stressthat this is only possibledue to the
fact that we know the cleanERP signals. For the caseof averagedSNR=1:3dB, we observed that
by constraining ° to 1e¡ 5 LSS yielded the median NRMSE and SRC values very comparable to
those of the LKPLS method (Fig. 11). We did not observe any statistically signi¯cant di®erences
between LSS and LKPLS in this case. This value of the minimum ° was increasedto 1e¡ 4 in
the caseof SNR=¡ 4:6dB and we have observed statistically signi¯cant superiorit y of LSS over
LKPLS on four electrodes. These were posterior electrodes (P3; P7; O1; O2) characterized by the
dominant P3 component and small or none P2 and N2 components (seeFig. 3E). By merging
the secondand third segments we observed an improved performanceof LKPLS in terms of the
median NRMSE and SRC on theseelectrodes. Only a small improvement in terms of the median
NRMSE and SRC on three electrodes(P3; P7; O2) was observed for LSS. We did not observe any
statistically signi¯cant di®erencesbetweenLKPLS and LSS(using either two or three segments) on
thesefour electrodes. Further increaseof the minimum value of the ° parameter in GCV resulted
in excessively smooth curves obtained by LSS with increasing median NRMSE and decreasing
median SRC. Similar behavior was observed in the caseof SS.However, in contrast to the KPLS
case,we did not observed statistically signi¯cant improvement of LSS over SSfor SNR=1:3dB. In
the caseof SNR=¡ 4:6dB LSS signi¯cantly outperformed SSon two electrodes.

5 Discussion and Conclusion

We have described a new smoothing technique basedon kernel PLS regression.On two di®erent
data setswe have shown that the proposedmethodology may provide comparableresults with the
existing smoothing splinesand wavelet shrinkagetechniques. By expressingsmoothing splines in
RKHS we could directly seeexisting connectionswith our kernel PLS regressionmethod. The
close connections between smoothing splines and recently elaborated methods of regularization

14



networks and support vector machines, which also motivated our kernel PLS methodology, was
already pointed out by Smola et al. (1998); Girosi (1998); Wahba (1999) and Evgeniou et al.
(2000). Recent interest in the useand development of di®erent typesof kernel functions in kernel-
based learning gives hope to extend the methodology of nonparametric curve ¯tting discussed
in this paper. An example of this may be the recent theoretical work on statistical asymptotic
properties of Gaussianand a periodic Gaussiankernels (Lin & Brown, 2002). In agreement with
theoretical results, the authors have shown that periodic Gaussian kernel may provide better
results in the caseof very smooth functions. In the caseof functions of moderate smoothness,
comparableresults with periodic cubic splineswere achieved.

We also proposed a locally-based kernel PLS regressionmodel. This method was designed
to incorporate a priori knowledgeabout the approximate location of changesin signal curvature,
areasof the di®erent degreeof smoothness,discontinuities or other inhomogeneitiesoccurring in
the signal. The motivation to incorporate the existing knowledgeabout the signal of interest came
from the problem of smoothing ERP signalscorrupted by high levelsof noise. Knowledgeabout the
approximate shape of ERPs is known from many psychological observations, however, the exact
shape of ERPs varies from trial to trial. The relatively good results for locally-basedkernel PLS
on the ERP data set justify usefulnessof the approach. However, where there is large variation in
the latency of ERP scorevectors, additional operations may be neededto determine the proper
intervals and weighting functions for locally-based kernel PLS. This may involve the use of the
methods for automatic segmentation of the input space(seeRasmussenand Ghahramani (2002);
Tipping and Bishop (1999) and referencestherein). Our results alsosuggestthat the locally-based
PLS method tends to be equal or superior to the global kernel PLS approach on the ERP data
set. The results also encourageus to considering the locally-based kernel PLS methodology on
other problems of de-noisingbiological data.

On the heavisine function corrupted with high levelsof white Gaussiannoisewe observed that,
by including the knowledge about approximate location of a local inhomogeneity, locally-based
kernel PLS resulted in comparable or better results in comparison to locally-based smoothing
splines and wavelet shrinkage methods|the methods which are also design to deal with local
inhomogeneitiesin the signal. Wavelet shrinkage is a method which has been shown to nicely
localizespikesin signalscomposedof smooth components (Donoho & Johnstone,1995). On heav-
isine data we have observed that locally-basedkernel PLS may provide comparable (SNR=5dB)
or better detection of local inhomogeneity (SNR=1dB) than wavelet shrinkage. When the under-
laying true function is smooth the smoothing basedtechniquesmay result in a smoother recovery
of the noise-freesignal without unnecessarywiggles. This was also observed on our data sets.

The concept of localization used for building locally-basedkernel PLS and smoothing splines
may be also potentially implemented into the other kernel-basedregressionmodels, for example,
support vector regression,kernel principal components regressionor kernel ridge regression(Vap-
nik, 1998;Cristianini & Shawe-Taylor, 2000;SchÄolkopf & Smola,2002;Rosipal et al., 2000;Rosipal
et al., 2001;Saunderset al., 1998). Locally-basedkernel PLS createsdi®erent set of scorevectors
(basis functions) for each segment of data which results in a opportunit y of higher °exibilit y of
the overall kernel PLS model. This is in contrast to the locally-basedsmoothing splines method
whereeach local smoothing splinesmodel usesa dictionary of piecewise-polynomials functions (in
our casepiecewise-cubicpolynomials) to ¯t the output data. The °exibilit y of this approach is in
the selection of di®erent degreeof smoothnessfor each local smoothing spline model. However,
on both data sets we observed that this may lead to over¯tting when the GCV criterion for the
estimate of the degreeof smoothnessis used.

Our experiments con¯rmed that one of the main issuesof existing nonparametric regression
techniques is appropriate selection of regularization. On a data set with uncorrelated Gaussian
noise added to the noise-freeheavisine signal, we have observed good performanceof smoothing
splines using the GCV criterion for setting the degreeof smoothness. However, in the caseof
colored noisethis criterion without a priori knowledgeor an appropriate estimate of the variance-
covariancematrix generally tends to underestimatesmoothing parameter ° resulting in over¯tting
(Diggle & Hutchinson, 1989;Wang, 1998;Opsomeret al., 2001). The sameover¯tting e®ectwas
also observed in the caseof locally-basedsmoothing splines. By limiting the consideredminimum
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value of ° we have achieved good results with both smoothing splinesapproaches. This constraint
of the range of smoothing parameter in the caseof smoothing splinesmodels has its analogy with
limiting the maximum number of scorevectorsusedin the kernel PLS model or in its locally-based
modi¯cation. This limitation re°ects our prior assumptionof smoothnessof the underlaying signal
of interest. In the casethat the signalhashigher frequencycomponents only smooth approximation
of theseparts of the signal can be achieved. Good demonstration of this wasreported on heavisine
data (Fig. 7d). However, it still remains an open question how to select scorevectors re°ecting
higher frequency parts of the signal and not noise in the caseof consideredlow SNRs. On the
other hand, we may alsoachieve a higher °exibilit y of the kernel PLS approachesby controlling the
width of the Gaussiankernel function with respect to the consideredtarget function. However, in
our preliminary studieson heavisine data we observed that leave-one-outmodel selectioncriterion
used to set the width parameter of the Gaussiankernel had a tendency to over¯tting. Thus, in
our locally-basedkernel PLS and kernel PLS modelswe ¯xed the width parameter to a prede¯ned
value and partially compensatedfor a lost °exibilit y of the model by creating a target dependent
basis of scorevectors. We used the VC-basedmodel selection criterion to set the ¯nal number
of scorevectors. On the investigated data sets we have observed a good behavior of this model
selection criterion when the maximum number of score vectors allowed to enter the model was
generally smaller than 6-8 in the caseof locally-basedkernel PLS and smaller than 14-16 in the
caseof kernel PLS. Although this in-sample model selection criterion provided us satisfactory
results with a low computational cost, it remainsan open task to comparedi®erent existing model
selectioncriteria on the consideredlow SNR experiments.

On the arti¯cially generatedERP data set we have observed that by using di®erent spatio-
temporal arrangements of the signalsfrom di®erent electrodesin our multiv ariate outputs (locally-
based) kernel PLS models we achieved very comparable results. This may be consider as both
negative and positive. On the negative side,our belief that this arrangement may provide us some
additional commoninformation from measurements on di®erent electrodesand trials in comparison
to single electrode and single trial was not con¯rmed. More detailed inspection suggeststhat the
di®erencesbetween these two strategies of setting the outputs start to be more evident when
higher numbers of PLS scorevectors (describing also noisy part of the signal) are included into
the ¯nal regressionmodel. However, this is contradictory to our goal of smoothing the ERP
signals where a lower number of score vectors is needed. Our observations indicate that these
very ¯rst score vectors are generally very similar in the case of univariate (single trial single
electrode) and alsoin the caseof multiv ariate outputs basedon a di®erent spatio-temporal setting.
Thus, it is not surprising that using these score vectors in the ¯nal regressionmodel results in
comparable performance. On the positive side, the possibility to extract desired score vectors
using all electrodesfrom one or several trials occurred in our caseto be computationally easierin
comparisonto the extraction of scorevectors from each electrode and trial independently .

Ac knowledgmen ts

The authors would like to thank Dr. Peter Ti ·no for helpful discussionsduring the study. This
work was supported by funding from the NASA CICT/ITSR and IS/HCC programs.

References

Aronszajn, N. (1950). Theory of reproducing kernels. Transactionsof the American Mathematical
Society, 68, 337{404.

Ba»sar, E. (1980). EEG-Brain dynamics. Relation between EEG and brain evoked potentials. Am-
sterdam: Elsevier.

Centner, V., & Massart, D. (1998). Optimization in Locally Weighted Regression. Analytical
Chemistry, 70.

16



Cherkassky, V., & Shao, X. (2001). Signal estimation and denoising using VC-theory. Neural
Networks, 14, 37{52.

Cherkassky, V., Shao,X., Mulier, F., & Vapnik, V. (1999). Model Complexity Control for Regres-
sion Using VC Generalization Bounds. IEEE Transactionson Neural Networks, 10, 1075{1089.

Chui, C. (1992). Intr oduction to wavelets. Academic Press.

Cleveland, W. S. (1979). Robust Locally Weighted Regressionand Smoothing Scatterplots. Jour-
nal of the American Statistical Association, 74.

Cristianini, N., & Shawe-Taylor, J. (2000). An Intr oduction to Support Vector Machines. Cam-
bridge University Press.

Diggle, P., & Hutchinson, M. (1989). On spline smoothing with autocorrelated errors. The
Australian Journal of Statistics, 31, 161{182.

Donoho, D. L., & Johnstone,I. (1995). Adapting to Unknown Smoothnessvia Wavelet Shrinkage.
Journal of the American Statistical Association, 90, 1200{1224.

Evgeniou, T., Pontil, M., & Poggio, T. (2000). Regularization Networks and Support Vector
Machines. Advances in Computational Mathematics, 13, 1{50.

Girosi, F. (1998). An equivalencebetween sparseapproximation and Support Vector Machines.
Neural Computation, 10, 1455{1480.

Girosi, F., Jones,M., & Poggio, T. (1995). Regularization Theory and Neural Network Architec-
tures. Neural Computation, 7, 219{269.

Green, P., & Silverman, B. (1994). Nonparametric Regressionand Generalized Linear Models: A
RoughnessPenalty Approach. London: Chapman & Hall.

Heckman, N., & Zamar, R. (2000). Comparing the shapesof regressionfunctions. Biometrika, 87,
135{144.

Hilly ard, S., & Kutas, M. (1983). Electrophysiology of cognitive processing. Annual review of
Psychology, 34, 33{61.

HÄoskuldsson,A. (1988). PLS RegressionMethods. Journal of Chemometrics, 2, 211{228.

Jasper, H. (1958). The ten-twenty electrode system of the International Federation. Electroen-
cephalography and Clinical Neurophysiology, 10, 371{375.

Johnstone, I., & Silverman, B. (1997). Wavelet Threshold Estimators for Data with Correlated
noise. Journal of the Royal Statistical Society, series B, 59, 319{351.

Kimeldorf, G., & Wahba, G. (1971). Someresults on Tchebyche±an spline functions. Journal of
Mathematical Analysis and Applications, 33, 82{95.

Lin, Y., & Brown, L. (2002). Statistical Properties of the Method of Regularization with Periodic
GaussianReproducing Kernel (Technical Report no. 1062). Department of Statistics, University
of Wisconsin, Madison, WI.

Mercer, J. (1909). Functions of positive and negative type and their connection with the theory
of integral equations. Philosophical Transactions Royal Society London, A209, 415{446.

Naatanen, R., & Picton, T. (1986). N2 and automatic versus controlled processes. Electroen-
cephalography and Clinical Neurophysiology Supplement, 38, 169{186.

Naatanen, R., & Picton, T. (1987). The N1 wave of the human electric and magnetic responseto
sound: a review and an analysis of the component structure. Psychophysiology, 24, 375{425.

17



Opsomer, J., Wang, Y., & Yang, Y. (2001). Nonparametric regressionwith correlated errors.
Statistical Science, 16, 134{153.

Parasuraman,R., & Beatty, J. (1980). Brain events underlying detection and recognition of weak
sensorysignals. Science, 210, 80{83.

Picton, T., Hilly ard, S., Kraus, H., & Galambos, R. (1974). Human auditory evoked potentials. I.
Evaluation of components. Electroencephalography and Clinical Neurophysiology, 36, 179{190.

Rasmussen,C. E., & Ghahramani, Z. (2002). In¯nite mixtures of gaussianprocessexperts. Ad-
vances in Neural Information ProcessingSystems14. Cambridge, MA: MIT Press.

Rosipal, R. (2003). Kernel Partial Least Squaresfor Nonlinear Regressionand Discrimination.
Neural Network World, 13, 291{300.

Rosipal, R., Girolami, M., & Trejo, L. (2000). Kernel PCA for FeatureExtraction of Event-Related
Potentials for Human Signal Detection Performance. Proceedings of ANNIMAB-1 Conference
(pp. 321{326). GÄotegorg, Sweden.

Rosipal, R., Girolami, M., Trejo, L., & Cichocki, A. (2001). Kernel PCA for Feature Extraction
and De-Noising in Nonlinear Regression.Neural Computing & Applications, 10, 231{243.

Rosipal, R., & Trejo, L. (2001). Kernel Partial Least SquaresRegressionin Reproducing Kernel
Hilb ert Space.Journal of Machine Learning Research, 2, 97{123.

Saitoh, S. (1988). Theory of Reproducing Kernels and its Applications. Harlow, England: Longman
Scienti¯c & Technical.

Saunders,C., Gammerman,A., & Vovk, V. (1998). Ridge RegressionLearning Algorithm in Dual
Variables. Proceedings of the 15th International Conference on Machine Learning (pp. 515{521).
Madison, Wisconsin.

SchÄolkopf, B., Smola, A., & MÄuller, K. (1998). Nonlinear Component Analysis as a Kernel Eigen-
value Problem. Neural Computation, 10, 1299{1319.

SchÄolkopf, B., & Smola, A. J. (2002). Learning with Kernels { Support Vector Machines, Regu-
larization, Optimization and Beyond. The MIT Press.

Silverman, B. (1985). SomeAspectsof the Spline Smoothing Approach to Nonparametric Regres-
sion Curve Fitting. Journal of the Royal Statistical Society, series B, 47, 1{52.

Smola, A., SchÄolkopf, B., & MÄuller, K. (1998). The connection betweenregularization operators
and support vector kernels. Neural Networks, 11, 637{649.

Tipping, M., & Bishop, C. (1999). Probabilistic principal component analysis. Journal of the
Royal Statistical Society, series B, 61, 611{622.

Vapnik, V. (1998). Statistical Learning Theory. New York: Wiley.

Wahba, G. (1990). SplinesModelsof ObservationalData, vol. 59 of Seriesin Applied Mathematics.
Philadelphia: SIAM.

Wahba, G. (1999). Support Vector Machines,Reproducing Kernel Hilb ert Spaces,and Randomized
GACV. In B. SchÄolkopf, C.J.C. Burges, and A.J. Smola (Ed.), Advances in Kernel Methods -
Support Vector Learning, 69{88. Cambridge, MA: The MIT Press.

Wang, Y. (1998). Smoothing Spline Models With Correlated Random Errors. Journal of the
American Statistical Association, 93, 341{348.

18



0 0.5 1 1.5 2 2.5 3

-1

-0.5

0

0.5

1

0 0.5 1 1.5 2 2.5 3

-1

-0.5

0

0.5

1

Figure 1: Smoothing of noisy g(x) = 4:26(e¡ x ¡ 4e¡ 2x + 3e¡ 3x ) function. The clean function is shown
solid line. A noisy signal generated by adding white Gaussian noise with standard deviation equal to 0.2
is represented by asterisks. Top: Comparison of the kernel PLS (KPLS) regressionmodels using di®erent
numbers of score vectors. Dashed line - KPLS with the ¯rst component (describing 64.0% of variance in
input spaceand 66.3%variance in output space). Dash-dotted line - KPLS with the ¯rst four scorevectors
(describing 99.7% of variance in input spaceand 77.9% variance in output space). Dotted line - KPLS
with the ¯rst eight score vectors (describing almost 100% of variance in input spaceand 86.7% variance
in output space). Bottom: Comparison of the KPLS and locally-based KPLS (LKPLS) regressionmodels.
Dashed line - LKPLS with the ¯rst four scorevectors in each model, upper dashed and dash-dotted lines
represent the used weighting functions. Mean squared error (MSE) on clean function was equal to 1:9e¡ 3 .
Dotted line - KPLS with the ¯rst eight score vectors. MSE on clean function was equal to 4:3e¡ 3 . Two
weighting functions used in LKPLS are depicted at the top (dashed and dash-dotted lines).
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Figure 2: The ¯rst ¯v e and the ninth (from top left to bottom right) F -space score vectors computed
from noisy signal described in Fig. 1. The clean function is shown dash-dotted.
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Figure 3: Simulated event related potentials (ERPs). A: Location and orientation of dipoles. B: Maps
showing scalp topography of each dipole C: Activ ation function of each dipole. D: The averaged (over
electrodes) noise amplitude spectrum and the weighting function of a sample of noise added to the ERP.
The spectra simulate ongoing EEG activit y with dominant ®-band frequency to be 50% of the spectral
power. E: Simulated ERP waveshapes at di®erent electrodes (scalp locations).
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Figure 4: Results on heavisine function. Boxplots with lines at the lower quartile, median, and upper
quartile valuesand whisker plot for three di®erent nonparametric smoothing methods and di®erent number
(n) of samplesused. The performance of kernel PLS (KPLS, left-hand boxplots in the individual triplets)
is compared with locally-based kernel PLS using set of segments S1 (LKPLS- S1 , middle boxplots in the
triplets) and locally-based kernel PLS using set of segments S2 (LKPLS- S2 , right-hand boxplots in the
triplets) in terms of normalized root mean squared error (NRMSE). The boxplots are computed on results
from 50 di®erent replicates of the noisy heavisine function (SNR=5dB).
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Figure 5: Results on heavisine function. Boxplots with lines at the lower quartile, median, and upper
quartile valuesand whisker plot for three di®erent nonparametric smoothing methods and di®erent number
(n) of samples used. The performance of smoothing splines (SS, left-hand boxplots in the individual
triplets) is compared with locally-based smoothing splines using set of segments S1 (LSS-S1 , middle
boxplots in the triplets) and locally-based smoothing splines using set of segments S2 (LSS-S2 , right-hand
boxplots in the triplets) in terms of normalized root mean squared error (NRMSE). The boxplots are
computed on results from 50 di®erent replicates of the noisy heavisine function (SNR=5dB).
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Figure 6: Results on heavisine function. Boxplots with lines at the lower quartile, median, and upper
quartile valuesand whisker plot for three di®erent nonparametric smoothing methods and di®erent number
(n) of samplesused. The performance of locally-based kernel PLS (LKPLS- S2 , left-hand boxplots in the
individual triplets) and locally-based smoothing splines (LSS-S2 , middle boxplots in the triplets) both
using set of segments S2 is compared with wavelet shrinkage (WS, right-hand boxplots in the triplets) in
terms of normalized root mean squared error (NRMSE). The boxplots are computed on results from 50
di®erent replicates of the noisy heavisine function (SNR=5dB).
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Figure 7: Results on heavisine function, SNR=1dB, number of samples n = 2048 a) example of noisy
heavisine function b) cleanheavisine function c) kernel PLS, normalized root meansquarederror (NRMSE)
was equal to 0.119 d) locally-based kernel PLS using set of segments S2 , NRMSE=0.095 e) locally-based
smoothing splines using set of segments S2 , NRMSE=0.105 f ) wavelet shrinkage, NRMSE=0.120.
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Figure 8: Results on noisy event related potentials (ERPs){20 di®erent trials were used. Averaged SNR
over the trials and electrodes was equal to 1:3dB and 512 samples were used. Comparison of di®erent
nonparametric smoothing methods in terms of median normalized root mean squared error (NRMSE)
(upp er graph) and Spearman's rank correlation coe±cient (SRC) (lower graph). In the upper graph
the plots from the top to the bottom represent wavelet shrinkage (WS), kernel PLS (KPLS), locally-
basedkernel PLS (LKPLS), averagedraw ERP (avgRaw), averagedsmoothed curvesas result of LKPLS
(avgLKPLS). The order of the plots is reversed for SRC.
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Figure 9: Results on noisy event related potentials (ERPs){20 di®erent trials were used. Averaged SNR
over the trials and electrodes was equal to ¡ 4:6dB and 512 samples were used. Comparison of di®erent
nonparametric smoothing methods in terms of median normalized root mean squared error (NRMSE)
(upp er graph) and Spearman's rank correlation coe±cient (SRC) (lower graph). In the upper graph
the plots from the top to the bottom represent wavelet shrinkage (WS), kernel PLS (KPLS), locally-
basedkernel PLS (LKPLS), averagedraw ERP (avgRaw), averagedsmoothed curvesas result of LKPLS
(avgLKPLS). The order of the plots is reversed for SRC.
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Figure 10: Example of smoothing a trial of ERP on C4 electrode, SNR=4 :5dB, number of samplesn = 512
a) left graph: dash-dotted{clean ERP, solid line{noisy ERP b) right graph: dash-dotted line{clean ERP,
dashed line{smoothed noisy ERP using locally-based kernel PLS, solid line{a verage of 20 di®erent noisy
ERP trials on C4 electrode.
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Figure 11: Results on noisy event related potentials (ERPs){20 di®erent trials were used. AveragedSNR
over the trials and electrodeswas equal to 1:3dB and 512 sampleswere used. Comparison of locally-based
smoothing splines (dash-dotted lines) and locally-based kernel PLS (solid lines) in terms of median, upper
and lower quantiles of normalized root mean squared error (NRMSE) (upp er graph) and Spearman's rank
correlation coe±cient (SRC) (lower graph).
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