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Abstract

We propose a logic formalising implicational relationshiphere an explicit
numerical degree is used to express uncertainty. The eef@noperties are
assumed to be crisp. The uncertainty about an implicatiemfty it follows
(" is indicated by a value reflecting the implausibility @ —5. Depending
on how the implausibility of disjunctions is determined bg implausibility
of its disjuncts, we arrive at Possibilistic Logic or a mochtfiion hereof.

We extend this calculus to include properties of the fornt Hmane vague
criterion is fulfilled to a specific degree. Here vague prtipsrare treated as
parametrised sets of crisp properties, which are eitheretfextias mutually
disjoint or as partially overlapping. Moreover, a rule iglided to ensure
smoothness of the implausibility value with regard to clemaof the degrees
to which the properties under consideration hold.

As a result we obtain a calculus dealing both with unceryaamd graded-
ness of information. The two aspects are treated complatdgpendently,
but can optionally be interconnected in a controlled waye Benefit of the
approachis illustrated on the basis of an example from naédaxision sup-
port.

1 Introduction

The difficult task to represent experience-based knowléagjades the necessity
to account for two basic aspects: uncertainty and vaguefesthe formalisation
of knowledge in fields like medicine these aspects are meitaidy. Automated
decision support in clinical diagnosis requires a framdveapable of representing
information which is not necessarily fully established diedible enough to cope
with notions which are not under all circumstances clegpigliaable.



Needless to say, a great portion of the conclusions drawretticime is endowed
with uncertainty. In particular at the beginning of a diago process it is rarely
possible to decide about the presence of a specific disesds;dre reviewed ac-
cording to availability and these facts often allow only atétive diagnosis. More-
over, concepts used in medicine often involve vaguenesspaiticular, coarse
concepts are commonly used to characterise situationgwhity in a continuous
manner. For example, a laboratory test applied to deteataicgathological con-
dition typically involves real parameters. It is howevelfidult to indicate sharp

boundaries of the range of normal values; the statementhbamneasured value
is in the normal range can not be delimited from its negatioa convincing way.

The question if the pathological condition applies doesatatays allow a clear
answer; apart from a clear “yes” and clear “no”, only a terogeran be indicated
in the borderline areas.

In this paper we propose a formalism which treats both uairgyt and vagueness.
Uncertainty is understood as plausibility and our geneehEwork is Dubois and
Prade’s Possibilistic Logic. Furthermore, we will not ddakctly with the phe-
nomenon of vagueness but we just formalise the gradedngsemdrties. In our
concluding section we will indicate how the calculus carveeas a theoretical
framework for those expert systems which, as it is freqyethié case in the area
of medicine, offer the possibility to process graded infation.

The many facets of uncertainty and its formal treatment

The development of formal systems dealing with uncertaistihe subject of a
lively research field. Numerous formal systems for reagpninder uncertainty
have been proposed in the past and several branches havgedmEeopr a recent
overview we refer to the comprehensive paper [DuPr2] andéeferences given
there; among the introductory monographs we may mentior] ffa [Hal]. The

picture is rather inhomogenous. The approaches are medivat different types
of applications and by different ways to understand unoextaa systematisation
is not easy. We will try a few general remarks in order to put@un approach
into the right context.

The presumably best-known approach to uncertainty, whicilmany people is
even viewed as the canonical way to go, relies on probaltiiipry. Probabilities
may be based on objective experience or subjective assumsptiln the former
case we may speak about definite uncertainty: according toaimmon frequentist
interpretation we assert a specific proportion of positivecomes when checking
a certain property repeatedly in a specific context. In thtedaase we evaluate



ad hoc to which extent the available information fits to thegide answers to
a question. It has been frequently argued that both castmugh apparently
unrelated, are modelled appropriately by means of singlbatility distributions.

For an overview of formalisms referring to the probabitistamework, see [Hal].
For the involved discussion on subjective probability searistance [KySm] and
concerning the limits of probabilities in this context sepexially [TvKa].

Probabilistic logics reach practical limits when not enfouglevant data is avail-
able. Indeed, probabilities assign in a precise sense toaant its weight among
the whole. If reasoning is to be based on objective groundssilply high amount
of knowledge about the referred situation must be avaijafiteerwise the benefit
of the probabilistic approach decreases. Popular metlicel8hyesian networks
reduce this necessity by making certain independence g@sésuns; these aditional
assumption can be reasonable in applications but need not.

As an example where these problems are present we may mehéamedical
expert system CADIAG-2 [AdKo]. Its knowledge-base corssist weighted im-
plicational relationships and the weights are understsodiegrees of evidence. In
[Pic], the attempt was made to reinterpret the CADIAG-2 kiealge base and to
base the system on probabilistic grounds. It turned outahagrformance com-
parable to the original system could be reached with prdistibimethods only
under strong additional assumptions.

For situations in which the amount of information is not stiéfint to reason on the
firm grounds of probability alternative ways may be consderFirst of all, ap-
proaches exist to cope with probability in situations whafermation is limited,;

we have to mention in particular the formalisms based onétipe probabilities
[Wal]. Another, in fact much more modest concern is to déscthe effect of
insufficient knowledge alone; in this case we quantify biglia facts on purely
subjective grounds and formalise our inability to descabsituation objectively.
Our present contribution is to be understood as referrinthitorestricted frame-
work.

To model insufficient knowledge turns out to be an issue ratifferent from what
is addressed by probabilistic theories. Recall that in tlebgbilistic framework
all events as well as their negations, provided that theibglilities are neithed
nor 1, are viewed as possible; we reason about what is known tabpsecur.
Our concern is to argue about this possibility itself andgave frequencies of
occurrence apart: we may argue about the question if pgsalt#ady decided
facts hold or not and quantify the degree of belief in it.

In spite of the different nature of problems one might ceitabe tempted to ap-
ply once again probability theory. For instance, one maygasthe probability



% to each ofn alternatives about which it is just known that one of thenrigt
This procedure is however inappropriate; we are led intabi® if one of these
possibilities splits up to two alternatives which due to mmorance are both not
less probable than the remaining— 1 ones. The limits of probability theory in
situations characterised by lack of knowledge have beemaftscussed; see, for
instance, [Sha, DuPr2].

An approach to model lack of knowledge

To deal with lack of knowledge, quite a range of formalismsexi The usual
approach is to describe the extent of ignorance about cemesidsituations by a
numerical value. Once again, it is certainly understoodlttrese numerical values
are now supposed to reflect the degree of uncertainty if agptyps verified if
checked, rather than providing information about the prigpas of occurrence
and non-occurrence.

There is presumably at present no way to put a notion of dfieshignorance onto
similarly firm grounds as in the case of probability theoryor Ehis reason the
divergence of formalisms which come into question for ouraawn is not surpris-
ing. The article [FrHa] offers some systematisation. Tg #md the notion of a
plausibility space is introduced reflecting the minimalstural needs: a Boolean
algebraB modelling some collection of properties, together with giphorder<
extending the partial ordex of B. For someA,B € B, A < B is supposed
to mean thatA is less plausible tha®. In particular, if < is a linear order it
can be replaced by a function frofito some bounded linear scale. In practice
then, the latter can be taken the real unit interval or a guifsé Examples are
the Dempster-Shafer belief functions [Sha] and Goldschmuidl Pearl’s ordinal
rankings [GoPe].

The setting provided by plausibility spaces alone is appgdlecause it restricts to
the essential and hardly questionable structure needesbtondth uncertainty. To
define on its basis a calculus in which there is, for instaaceasonable analog of
the modus ponens seems to be difficult though. The problehaigitven the plau-
sibility degrees of two mutually exclusive properties,rthis no way to determine
how plausible the disjunction is.

In this paper, we are guided by the following consideratioh® assume to be in
a situation where we do not have the possibility to tell alibattruth or falsity of
certain facts; we treat uncertainty as ignorance abous fabere it is left open if
these facts generally hold, sometimes hold, or generatijaid. It is furthermore
our opinion that the very idea to quantify ignorance nunadhjcis not itself a



source of problems but simply mirrors the fact that we can beertain about
something to a smaller or larger extent. So we do not queit®standard way to
model uncertainty: by means of real values betw@and1.

In order to model uncertainty in the indicated sense thargtmwever, further de-
cisions to be made which are less easily justifiable. Logatdeith implicational
relationships. But given the assertion that some propeilityplies another prop-
erty 5, in which way should we associate a degree of uncertainthitodaim?
Furthermore, how do uncertainty degrees of several statismelate to the uncer-
tainty of combined statements?

The syntactic objects of our calculus will have the form oplimations endowed

with an uncertainty degree, like L (. Our basic assumption about the assign-
ment of degree of uncertainty is as follows: to conclude freno S is the more
plausible the less plausible the situation specified by is. As a technical con-
sequence, we will in this paper actually not work with degregplausibility, but
dually with degrees of “implausibility” or “surprise”; cfGoPe]. Sot quantifies
the degree of implausibility af. A —(. Using the truth constants, we can also refer
to single propositions. Namely, denoting the constant “true”, the implication

T 2 o means thata is implausible to the degree

Next we have to decide how to assign plausibility degreeglifgjoint properties.

We let the plausibilities of conjunctions be lower boundgdliunction combining

the plausibilities of the disjuncts. As a combining funotiwe allow to use any
fixed t-norm. We have in mind, however, to use only the threpnexamples of

continuous t-norms, the Lukasiewicz, product, and Godrm. In the first two

cases we are led to (the dual analog of) subadditive meastrabe third case
we arrive at possibility measures; the plausibilitycof/ 3 is in this case uniquely
determined as the larger value among the plausibilities ahd 3. Consequently
we are led to Possibilistic Logic then. Possibilistic Logias introduced by Dubois
and Prade and has been intensively developed since theam frerview see, e.g.,
[DuPrl]. Moreover, an axiomatisation of first-order Po#isitic Logic is presented

by J. Lang in [Lan]. Lang’s calculus is, for the choice of théd@l t-norm, formally

equivalent to ours.

Vague properties: treated as continuous sets of crisp propges

Having a strong calculus to deal with uncertainty at hand,alm of the paper
is to incorporate vague properties. Vague properties haea llealt with in the
framework of Possibilistic Logic several times; see, fatamce, [FGM, DGM].
Our approach however is specific in some points.



Vague properties involve two levels of perception, a coarse (for instance, dis-

tinguishing “small”, “average-sized”, and “large”) whiclefines the property (like

“large” as observably distinguished from “average-sieafid a fine one (for in-

stance, the positive rationals) which is the result of araitee process reflecting

the underlying intuition (like “size”). The coarse concepan be represented by
means of the fine structure as a fuzzy set. We will follow thé&ndard method

and we will use the operations of pointwise minimum, maximamd standard

negation to build new fuzzy sets from given ones.

However, we do not intend to formalise relationships inrvvague properties
themselves, as represented by fuzzy sets. Possibilistioning about “properly”
vague properties is the subject of the articles [FGM] and M}Gvhere possibilis-
tic measures are generalised from Boolean algebras to iabeds and Godel al-
gebras of fuzzy sets, respectively. Here, in contrast, vienai generalise Dubois
and Prade’s original method. We will rather consider stateis of the form that a
vague property holds to a specific degree; these statementsisp. So ifp de-
notes a vague property, we will consider the parametrisedise) of properties,
meaning thaty holds to the degreewheret is an element of the real unit interval.

Note that this set is a collection of mutually exclusive arbaistive crisp prop-
erties. In a first approach, we will modgp, t), wheret varies over the rationals
betweer) and1, exactly in this way. However this approach causes problém w
regard to a proper interpretation, apart from inconverésnehich also exist in
mathematical respects. (i, ) is supposed to be a statement reflecting some-
body’s observation or impression, infinity seems inappater One solution is
easy: we may restrict the number of degrees of presence tielfimany ones. For
the case that it is intended to model the transition betwssn(y, 0) and(p, 1) in

a continuous way, we offer a modified approach. In our altaranodel(y, t) is
interpreted in the same way as the conjunctioyafs), wheret — ( < s <t+(
and¢ > 0 is fixed, in the prior model. The motivation is not to accoumtifyno-
rance about the degrees, which are anyhow determined ad’heanotivation is,
intuitively speaking, to account for the idea to model edatesnent by an extended
region in a continuous space rather than by a point-like one.

To motivate the last topic discussed in this paper, suppgaeme are certain to the
degreed that if ¢ fully applies some further (crisp) properdyis true as well. In the
framework as mentioned so far, nothing could be said, sdk, negard ta(y, 0.9).

To reduce this drawback, we strengthen the logic. We addeawhich amounts

to Lipschitz continuity: we require that changes of the degof uncertainty are
bounded by changes of the degree to whidiolds. So for example, we may derive
that (¢, 0.9) still implies « where however the degree of uncertainty is reduced



tod — 70.1. Here,7 > 0 is a fixed parameter controlling the strength of the
smoothness rule.

An application in medicine

The medical expert systems of the CADIAG family have beeretigped under the
supervision of K.-P. Adlassnig at the University of Viennadital School, how
the Medical University of Vienna, since the 1980’s [AdKo]hdy offer clinical
decision support for instance in the field of rheumatoldgdiaeases. Roughly
speaking, from a given pattern of clinical symptoms andsigfra patient the pos-
sible diagnoses are derived. CADIAG-2 is distinguishednfather expert systems
in that it allows the input to be graded; for instance, a sympitnay be endowed
with a real number betwedhand1 according to the degree to which it is present.
Furthermore, the output is a set of weighted possibiligegh weight is the degree
of certainty associated with a disease.

The performance of CADIAG-2 is convincing, as demonstrated., in [LAK].
A formally oriented framework based on transparent priesips still a research
topic though. In particular, the systems contains aspddeth fuzzy logic and
uncertainty reasoning without a clear separation. To paiiriference method of
CADIAG-2 on firm semantic grounds is thus quite a challenggictvhas recently
been the subject of several papers. In [CiVe] the fuzzy lgispects were studied
and it turned out that fuzzy logic alone is not sufficient aasi®of CADIAG-2. In
contrast, [Pic] examines aspects of uncertainty and iscnvatten from the prob-
abilistic point of view, whereas the aspect of vaguenes®stigaken into account.
The present paper seeks to account in a transparent waytfouboertainty and
vagueness. As we will indicate by an example at the end oftdgier, the formal-
ism described in this paper may bring us one step closer ttisdagdory solution
of the problem how to embed CADIAG-2 into a conceptually cleamework.

We have actually developed our calculus in view of this aggion. However
we should stress that we have worked out the details indepéigdrom any spe-
cific application. In particular, we will not justify any ohé inavoidable “design
choices” by reference to the needs of medical expert systdinme had done
so, we would have actually decreased the value of the fosmdibr the intended
application.

The paper is organised as follows. In the next Section 2, wednce our frame-
work, which is a slight generalisation of Possibilistic limg In fact, only Pos-
sibilistic Logic itself will play a role in the remainder ohé paper. In the fol-



lowing Section 3, we extend the calculus so as to includeoreéag with graded
vague properties, whose model will be refined in Section 4e Mentioned rule
for smoothness of the uncertainty degree is introduced ati@e5. Finally, we
outline in the concluding Section 6 the practical applmatof our formalism in
medicine.

2 Generalised possibilistic logic

In this section, we shall propose a generalised version s$iBitistic Logic as a
logic for reasoning under uncertainty. According to thesiderations of the in-
troductory chapter about the nature of statements whichrevg@ng to formalise,
we shall first specify our framework informally and formally

As usual we distinguish the content level and the belieflla®a the content level,

we refer to the factual content of our reasoning. This is a6sttuations about

which we assume that exactly one of it always holds. We djaish between these
situations classically: we choose a set of yes-no properiach property holds in
a given situation or not; and each considered situation iguaty determined by
knowing which properties hold and which do not hold in it. ®oparticular, a

property is identified with a subset of a fixed set of situation

We do not assume that a property can be checked to hold or hotddn any sit-
uation. This gives rise to a second level, called the bedetll Here the subjective
sphere of the “agent”, that is, the one who reasons aboutitles get of situa-
tions, comes into play. Namely, we allow statements abauhthtual relationship
of properties which rely on possibly nonconclusive exparéee That is, we allow
to take into account knowledge about relationships betvpeeperties even if this
knowledge is speculative. H1,...,a, 3 denote properties, a typical statement
will look like

a1,... a2 6; 1)

hered is an element of the real unit interval expressing the agégitiorance in a
guantitive way. Starting fromd = 1 expressing certainty, we may decreast
express a reduced confidence in the correctness of the atiptic(1), which for
d = 0 is true in any case.

Note that, at least in principle, the valdén (1) can always be provided. Whereas
the assignment of probabilities to properties means cangmsve knowledge about
the situation, a degree of certainty can naturally be assigmder all circum-
stances; in the worst case, we gut 0.

Let's now outline our formal framework. There is nothing sjpé on the content
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level. As usual, situations are modelled by an unstructaetd and each property
by a subset of. We use the usual connectives, namely conjunction, disjpmc

and negation; and we will include the always false and always property as
well. We note that the classical implication plays no roleheTinterpretation of
the connectives is standard. In short, the collection operties is modelled by a
Boolean algebr# of subsets of.

To see how we proceed on the belief level, consider two el&senB € B and
let us identify them with the two properties which they moddlhe degree of
uncertainty about the question if we can concligi'om A should depend in some
way on numerical values associated to the elements of théeBosubalgebra
generated byl and B. In contrast to the probabilistic approach, where we have
a measure o8 and take the quotient of the values associated o B and A,
we follow here a much simpler way, adopting the concepts ssPdistic Logic.
Namely, we will use only one element of the subalgebra, namel - B, to which
we associate a “degree of surprisé”= (A A —B). The largerd is, the less
plausible is a situation in whichl holds andB does not hold. This will be our
interpretation of the statement thatimplies B to the degred.

We may understand this degree of implausibility also “pesly”, namely as a
degree of certainty, in the straightforward way. To say thamplies B to the
degreel means thatl implies B; that is,1 expresses full certainty. Similarly, to say
that A implies B to the degre® means not to say anything; this relationship holds
between an arbitrary pair of properties. The remainingeshefer to a smaller or
larger degree of certainty, and specific values of certaitrigtly in betweerd and

1 refer to subjectively quantified amount of certainty.

So our basic model consists of the Boolean algébtagether with a mapping
from B to the real unit interval0, 1]. We call ¢ here a rejection function; with
regard to the setting of [DuPrlp plays the role of a necessity measure (or al-
ternatively of a possibility measure). U € B, o(A) expresses the degree to
which the property modelled byl would be found surprising if found to hold.
We assume to be order-reversing ang(1) = 0. Furthermore we assume that
B does not model situations which are considered as definitglpssible; so we
require thato(A) = 1 holds exactly ifA = 0. Furthermore, a property may
consist of alternatives, say, we may hate= B Vv C. In this case, we allow
the assumption thatl is not more surprising tha® or C' and also not less than
both; thenp(A) = min {o(B), o(C)}. However, we also allow to use alternative
combining function as long as it is fixed; our actual assuampfiboutp is that
0(A) > o(B) ® p(C) for some fixed t-norn®.

Let us fix a t-norm® : [0,1] x [0,1] — [0,1]. For the notion of a t-norm and



further detailed information on this operation, see, dKMP]. Furthermore, we
will denote the operations minimum, maximum, and standaghtion orf0, 1] by
A, V, ~, respectively.

Definition 2.1. Let (B; A, V,—,0,1) be a Boolean algebra. #jection functioron
B w.rt.® is a mappinge: B — [0, 1] such that, for any, B € B, (i) o(1) = 0,
(i) o(A) = 1ifand only if A = 0, (iii) A < Bimplieso(B) < o(A), and (iv) we
have

o(AV B) > o(A) ® o(B).

A pair (B, o) of a Boolean algebr& and a rejection functiom on 5 will be called
aBoolean uncertainty algebra

Let us consider the case that= A; this choice for® will actually be predominant
in our paper. Then condition (iv) can be formulated as

o(AV B) = o(A)ro(B), )
where we have made use of the antitonicityoft further follows that
N: B—[0,1], A o(—A)

is a necessity measure — see [DuPrl] —, and our logic willdutrto be equivalent
with Possibilistic Logic.

We proceed with the model-theoretic definition of what wé Ganeralised Possi-
bilistic Logic, denoted by ®, where the 1" stands for “ignorance”. The choice of
this name is motivated by the fact that is essentially Possibilistic Logic ari

is a straightforward generalisation of. In this paperI” is still most important,
and we will write in the sequdl instead off".

Our language will be finite; let's fix a numbé¥ > 1 of variable symbols. Several
results in the sequel would remain the same if we allowed atedly infinite set
of variables; however, we do not see an important reason smdo

Definition 2.2. Thepropositionsof I are built up fromvariablesys, . .., ¢n and
the truth constantsl , T by means of the binary connectivesV and the unary
connective-. We will denote the set of propositions B

An implicationof I® is a triple consisting of a finite non-empty set of propositio
aq,...,a, a propositions, and an element of the real unit interval, denoted

QU ey O 4 (3. Hereaq, ..., oy, are called thentecedents3 is thesuccedentand
d is thedegree of certainty
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An evaluationfor I¢ is a mappingv from P to a Boolean uncertainty algebra
(B, 0) such thav(aAB) = v(a)Av(B), v(aVp) = v(a)Vo(B), v(—a) = —v(a)
fora, 8 € Pandv(L) =0, v(T) = 1. Animplicationay, ..., ax 4 G is then
satisfiedby v if

o(v(ar A ... Nag A=) > d.

A theoryis a set of implications. We say that a thedrysemantically entailan
implicationa, ..., ay A G if, for all evaluationsy, whenever all elements af are
satisfied by, then alsax, ..., ay, 4 0 is satisfied by.

We axiomatise the logic® as follows. Here, rules are pairs of a possibly empty
finite set of implications and one further implication. Thee€kI" denotes a finite
set of antecedents, and as usual, expressions Jikes denotel"U{«, 5}, where it

is not assumed that these sets must not overlap onthatl 3 must be distinct. The
setl’ can be empty; recall however that an implication has at leastantecedent;

thus in an expression like L a, I’ must be non-empty.

For the case that = A the following calculus is the propositional part of Lang’s
calculus in [Lan], just presented in a modified way. In paftic, instead of a
necessity measure, we use the complemented possibilitgureea

Definition 2.3. The following are the rules af®, wherea;, 3, v are propositions,
I is a finite set of propositions, andd € [0, 1]:

d d d d
1=« a =« a= T a,a = 1

d 4 d
r r
04=0>ﬂ ioéwherec<d ~a a=p
IS a r <3
d d 4 d
I'=a«a a,B=7v 'sa I'=Sp
F,B:Cl>a F,oz/\ﬁ:d>7 I’c%doz/\ﬁ
Ia=~y I’,ﬂ:d>7 r<a I’:d>ﬁ
cQd d d
I‘,a\/ﬂg’y I'savp I'savp
a=d>ﬂ —|a:d>ﬂ 04:d>—|ﬂ

The notion of a proof of an implication 4 [ from a theory7 is defined in the
usual way. We write/ - « 4 0 if there exists one.

A theory7 is calledconsistenif 7 - T 4 impliesd = 0.

11



The proof of the completeness Theorem 2.71férbelow is possible along routine
lines; we calculate the Lindenbaum algebra associated teea theory, and the

maximald such that the theory proves 4 | is taken as the value to which
maps the equivalence classaafForI, a proof is moreover contained in [Lan].

In spite of this, we will devote the remainder of this sectionpresent a fully
detailed proof which is even more involved than necessary.dd/so because in
the subsequent sections, we will present three logics wdniersuccessively more
special thart®; we shall proceed then in full analogy to the easy case disclis
here.

For propositionsy and 3, we writea: — 3 to abbreviate-a Vv .

Lemma 2.4. Leta, 3 be propositions of ©. Then- « A gifand only ifa —
is a tautology of classical propositional logic.

Proof. Let I® prove« RN (. Since the degree associated to the conclusion is in

each rule smaller or equal to each degree in the assertigmmepbo = £ can be
assumed to involve the degré@nly. It follows o — g is a classical tautology.

The converse assertion is easily checked. O

For some sef), let us denote the Boolean algebra of subset® @y PQ). For
instance,P{0, 1} is the two-element Boolean algebra.

Furthermore,P{0, 1}V denotes the free Boolean algebra withgenerators. We
will identify the latter with the Boolean algebra of subsetq0, 1}%, that is, with
P({0,1}V).

We will now consider the Lindenbaum algebra associatadtavhere equivalence
of propositions will mean that one implies the other one ®dkgreel. Accord-
ingly, the somewhat loose statemendsifnplies 3” and “«. and 3 are equivalent”
mean that® provesa = 3, or botha = £ andg = q, respectively. Analogous
remarks apply to all logics considered in subsequent sects well.

Lemma 2.5. For propositionsa. and 3 of I©, we puta ~ 3 if IGS provesa 2 I}

and 3 = . Then the quotient?) of P w.r.t. ~, endowed with the induced
operationsA, VV, — and the constant§L), (T), is a Boolean algebra isomorphic to
B = P{0,1}". The isomorphism is given by

w((p)) = {(r1,...,rn) € {0, 1} ry =1}, i=1,...,N

Furthermore, leto: B — [0,1] be 0 on all non-zero elements; theiB, o) is a
Boolean uncertainty algebra.
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Definev: P — {0,1}", a ~ w((a)). Thenv is an evaluation ofGS such that
#(a) = 0 if and only if- o = L.

Proof. By Lemma 2.4(P) is the free Boolean algebra witki generators.

Clearly, (B, o) is a Boolean uncertainty algebra ands an evaluation forr®.

Furthermore I® provesa L L iff (a) = (L) iff w((a)) = w((L)). Given that
t(a) = w({a)) andw((L)) = 0, the last part follows. O

In the next lemma, two theories proving the same implicatiare called equiva-
lent.

Lemma 2.6. Let7 be atheory of ©. Then there is a theory’ which is equivalent
to 7 and consists of

Xoigjﬂ Xlgjﬂ ) dezrgjﬂ

whereFXiAXj:1>Lforz'7éj,kT:1>X0v...vxm,and1:do>d12...2
dm—1 > dy = 0.

In case® = A we may requirely > dy > ... > dp,.

Proof. We claim that7 is equivalent to a finite theory. Indeed, any proposition
appearing irZ” can be substituted by any equivalent one. Furthermore, bynia
2.5 there are, up to equivalence, only finite many propasiti¢-inally, if there are
two implications in7 differing only in the degree of certainty, the implicationthv
the lower degree of certainty can be dropped.

Next, using Lemma 2.4, it is not difficult to see that, ..., ax 4 g andag A
oo AN 4 | areinI® mutually derivable. So we assume thatcontains
only implications of the latter form.

If there area; 2 | andas 2 1, wheree; < es and¥ a; A as = L, we may
replace the first implication by; A —as <> 1.

Finally, the implications with the degrekor 1 can be replaced by a single impli-
cation, combining the antecedents disjunctivelyolt= A, the same can be done
with any implications whose degrees of certainty coincide. O

On the basis of these preliminaries we prove the complesenfas’.

Theorem 2.7.Let7 be a consistent theory af andT" = ¢ an implication ofI®,
Then7 semantically entail§® = § if and only if 7 provesl’ = 4.
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Proof. It is easily checked that all rules are sound. The “if” pafidfws.

By Lemma 2.6, we can assume that= {yg & 1,x1 4 L, xm g 1},
where they; are pairwise disjoint and jointly exhaustive, ahd= d; > dy >
.2 dpmo1 > dy, =0.

Letv: P — B be the evaluation according to Lemma 2.5. Ket t(—yo), and
let B = [0, S] be endowed with the Boolean structure induced3by et

v:P—B, a—oa)NSs.
We furthermore define
0: B—[0,1], AH@{di: 1 <i<mandAAwv(xi) # 0},

where the result i$ in case the set is empty. This is obviously a rejection fuomcti
on B. Thenwv is an evaluation of® in the Boolean uncertainty algeb(#, o).
Sinceo(v(x;)) = d; for all i, all elements off are satisfied by.

Assume now tha” does not prov& = §. So7 does not prover = L, wherea is

the conjunction of” U {—¢}. Letd = o(v(«)). We easily check thal - « 4.
It follows d < e, so in particulal = § is not satisfied by and7 does not
semantically entall' = §. The proof of the “only if” part is complete. O

We note that the model constructed in this proof is finite; Bedrem 2.7 could be
reformulated to involve finite Boolean uncertainty algeboaly.

3 Inclusion of graded properties: the finite case

We extend our framework to include properties which are natvery situation
assumed to hold or not to hold. We still work with a Boolearealg of subsets
of some sefS, and properties which, as it has been the case by now, arellewde
by subsets of will be called crisp. The variable symbols however will frarow
on denote vague properties and are interpreted by fuzzyosetsS. It will still

be possible to reason about crisp properties because esismexpressible in our
framework.

It must be stressed that we will not allow statements of thenfp LY 1 wherep
andvy model vague properties. We will rather denote(bys) the property thap
holds to the degree, modelled by the subset 6fconsisting of those points which
are mapped ta. The values will be referred to as the degree of presencerof

14



in such situations. We allow then statements of the fégms) 4 (v, t) and, as
relationships between crisp properties, we will interpinein just as before.

We will furthermore allow vague properties to be combinedr®ans of a conjunc-
tion A, a disjunctionv, and a negation-. These connectives are interpreted by the
minimum, maximum, and standard negation applied pointwisthe respective
fuzzy sets. For example, for some evaluatign (¢ V ~ 1, t) is interpreted by
{a e §:v(p)(a)v~v(y)(a) =t}.

Our t-norm will from now on always be the Godel t-norm, thatwe put®> = A.

So in all what follows we stay in the realm of the Possibitidtogic I. The more
general case remains to be explored.

Furthermore, for the moment we will restrict to a finite setlefrees of presence:
let fix a finite setV” C [0,1] containing0 and closed under.. As a matter of
fact, the approach chosen in this section cannot be easibrgksed to the infinite
case; it has turned out that the use of an infinite set like dkierral unit interval
would lead to technical difficulties. In the subsequentisactwe will modify our
approach and the restriction will be dropped.

Definition 3.1. Let S be a nonempty set. X-valuedfuzzy sebver S is a mapping
fromStoV.

For two fuzzy sets, v: S — V, we letu A v andu Vv be the pointwise minimum
and maximum of: andv, respectively; we let « the pointwise standard negation
of u; and we let) and1 the constant and1 fuzzy set, respectively. Le¥/ be a
collection of VV-valued fuzzy sets ove# containing0, 1 and closed undex, Vv, ~;
then we call(M; A, v, ~,0,1) aKleene algebra of fuzzy sets

For anyu € M andt € V, we define
[uly = {a€S: u(a) =t}

The Boolean algebra of subsets$fyenerated byu|;, whereu € M andt € V,
will be called theBoolean algebra associated wift1, denoted by3;,.

Finally, let o be a rejection function o8y, w.r.t. A. Then(M, g) is called aKleene
uncertainty algebra

We will now define the Possibilistic Logic with Sharp Gradati denoted by G°.

Definition 3.2. Thegradable propositionsf 1G° are built up fromvariablesy, . . ., ox
and the constant® 1 by means of the binary connectivesVv and the unary con-
nective~. We denote the set of gradable propositionsfyThegraded proposi-
tions of 1G° are of the form(¢, t) wherey is a gradable proposition artde V.
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The crisp propositionsof IG°, or propositionsfor short, are built up from graded
propositions and theuth constantsL, T by means of the binary connectivasv
and the unary connective. We denote the set of propositions By

An implicationof 16° is a triple consisting of a finite non-empty set of proposisio
aq, ..., a, a propositions, and an element € V, denotedvy, ..., ag 4 0.

An evaluationfor 1G° is, for some Kleene uncertainty algeki/, o), a pair of
mappingsvs: F — M andv,: P — Mp such that the following holds:

() vl AY) = vp(p) Avp(¥), v V) = vr(p) Vup(y), ve(~p) =
~vy(p) for gradable propositiong, 1, andv;(0) = 0, vy(1) = 1;

(i) for ¢ € F andt € V we have

w((p,1) = [vr(e)t (3)

and furthermorey,(a A ) = vy(a) A vp(5), vp(a V B) = vp(ar) V up(5),
vp(a A B) = —wp(a) for propositionsw, 3, andv, (L) = 0, v(T) = 1.

The notions ofsatisfaction of atheory, and ofsemantic entailmeris defined for
160 similarly as forT.

Note that the variables are now gradable propositions aridcinare interpreted
by fuzzy sets. If this is not intended for some variablewe may make use of

the fact that the implicationgp, 0) = —(p,1) and(p, 1) = —(¢p,0) are satisfied
only if ¢ is interpreted by a characteristic function; they can berésd to ensure
crispness. Moreover, if a variable is not going to be connected with further
gradable variables, this is not even necessary; sifiply) can be used to model
a crisp property.

We axiomatise the logitG® as follows.

Definition 3.3. The rules ofIc° split into three groups:

Thebasic rulesare those of. (see Def. 2.3) where propositions are understood as
those of1aP.

Thedegree-of-presence rulese the following, where is a gradable proposition,
ands, sq, ...,t € V-

(p,9) 4 (¢, t) wheres # t

=(¢,50), -, (0, 801) A | wherev — {50,...,8Mm}

16



The fuzzy-set rulesre the following, wheré' is a finite set of propositionsy,
are gradable propositions,is a proposition¢, d € [0, 1], ands,t € V:

F,(gp/\1/1,s/\t)=d>oc F,ﬂ(ap/\w,t):céa
= P wherer,s >t
L, (e, 8), (¥,1) = L (p,r), (¥, 8) = a

d d

' (oAU, t) = ' =(pAY,t) =
, (e ¢,d) O heres < ¢ , (g w,d> a

I, (¢, 5) = « L (¢¥,s) = a

wheres < t

L(pVi,svt) 2o D=Vt 2a
T, (p,s), (,t) 2 a  T,(p,r),(1,5) 2 a

T, =(pVi,t) % a

wherer,s < t

L, =(¢eV,t) LN

p wheres > t 7 wheres >t
L, (p,8) = a L, (¢Y,s) = a
F,(gp,c):d>oz F,(ng,c):d>oz
Fa(ng’Nc):Céa F’(QP’NC):%O‘

The notion of goroof of some implication from a theory as well as tt@nsistency
of a theory is defined like for.

The soundness causes again no difficulties.

Theorem 3.4. LetT be a theory ofi? andI" = § an implication ofIG’. ThenT
semantically entail§ = § if 7 provesl’ = §.

For the completeness proof, several preparatory lemmaseasssary. Our proce-
dure in case of the logit® will serve as a pattern.

In what follows, by a graded variable we will mean a gradedopsition (¢, t)
such thaty is a variable. In our first step we will show that compound gedd
propositions are eliminable from the calculus; graded psidns are replacable
by Boolean combination of graded variables.

Lemma 3.5. Let ¢, be gradable propositions afG’, and lett € V. Then
(¢ A1, t) is equivalent to

\/{(90,7“) A(Y,s): m=tands >t, orr>tands=t}; (4)
(p V1, t) is equivalent to

\/{(gp,r) A(Y,s): r=tands <t, orr<tands=t}, (5)
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and(~ ¢, t) is equivalent to
(¢, ~). (6)

Furthermore,~(¢, t) is equivalent to/_, (¢, s). Finally, any proposition oftG¢
is equivalent to the disjunction of conjunctions of gradadables.

Proof. Every disjunctin (4), so (4) itself, impligso A, t). Furthermore, the nega-
tion of (4) is equivalent to the disjunction §f, ., ((»,7) A (¢, s)) andV/, _, (¢, 7)
and\/,_, (1, s), each of which implies-(¢ A 9, ).

Similarly, we proceed for (5). The claims concerniagy, t) and—(p, t) are easy.

The last assertion follows, for a graded proposition, byigttbn over the complex-
ity of the involved gradable proposition. For a proposititime assertion follows
by induction over its complexity. O

We recall thatPV is the Boolean algebra of subsets1iof whereV is the set of
degrees of presence. Furthermore, we denot@ by’ the N-fold free product

of the Boolean algebraBV; for the notion of free products of algebras see, e.g.,
[Gra, Chapter VI]. We may, and we actually will, identigV/V with P(VY), the
Boolean algebra of subsets Bf" .

Lemma 3.6. For propositionsa and 3 of 16, we puta ~ 3 if 16 provesa =

and 3 = a. Then the quotientP) of P w.rt. ~, endowed with the induced
operationsA, VV, - and the constant§L), (T), is a Boolean algebra isomorphic to
PV The isomorphism is given by

w({(pi,t))) = {(r1,...,rn) € VN = ty, i=1,....,N, teV. (7)

Furthermore, let
N
wi: V=V (1, . TN) e T,

and let M be the Kleene algebra generated by, ..., uy. ThenB;; = PVV,
Defineo: By; — [0,1] to be0 on all non-zero elements; théi/, o) is a Kleene
uncertainty algebra.

Definev(y;) = u;fori =1,..., N, and extend; to F such that\, v, ~ and0, 1
are preserved. Defing,(a) = w({«a)) for o € P. Then(vs,v) is an evaluation

of 160 such thatw, () = 0 if and only if-- o = L.
Proof. Note first that in all the degree-of-presence and fuzzy-gketsy we may

w.l.0.g. assume that = 1. Let us modifyIG° as follows: We drop all fuzzy-set
rules and add as new axioms the six implications expressi@gquivalences of
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(e AN, t), (p Vb, t), (~p,t)with the expressions (4), (5), and (6), respectively,
wheregp, 1) are gradable propositions and [—¢, 1 + ¢]. By Lemma 3.5 all these
implications are provable, and from the added axioms we raaijyederive any of
the dropped rules. So the change has no effect for the sebwdilple implications.

Note next that a proof of an implication of the form= 3 in 16° can be chosen
such that all occurring degrees of certainty are equal toet IGY be the calculus
differing from 16 in that only degree of certaintyare allowed. IrLGZ, the relation

~ obviously does not change.

By Lemma 2.41G2 can be viewed as an extension of classical propositionat:log
the variables are identified with the graded propositions;the extension consists
of the axioms ofIGJ where each implication 2 [ is understood as — fS.
We keep this viewpoint implicitly in the background. We gstan immediate
consequence thdP) is a Boolean algebra.

Each graded proposition in which a compound gradual prtipasbccurs, is by
assumption equivalent to an expression in graded varial8esto determine the
Boolean algebrgP), we need to consider onl(y;, t)) wherei € {1, ..., N} and
teV.

Consider now the degree-of-presence rules. We can restent to the case of
graded variables. Indeed, it is not difficult, based on amdtide argument, to
derive these axioms for compound gradable propositions fittose for graded
variables.

So we are left with the degree-of-presence rules restrittiegraded variables.
These axioms split intdV disjoint subsets, one for ea¢h Furthermore, for any
i € {1,..., N}, the Boolean subalgeb(&), of (P) generated by(y;,t)),t € V,
is clearly isomorphic td?V under the assignment

wiz (P)i = PV, {(¢i,t)) — {t}.
Consequently{P) itself is isomorphic to the free product df copies of PV under
that assignment (7). The proof of the first half of the theorggomplete.

Clearly, (M, o) is a Kleene uncertainty algebra such tBa; = PV V.

It is furthermore clear that, preserves the Boolean structureffand like in the
proof of Theorem 2.7 we see thaf{«) = 0 iff F « 2 1. Moreover,i; preserves
the Kleene structure gf by construction.

To establish thatv, 3,) is an evaluation, it remains to check (3), that is, we have
to showw({(¢,t))) = [vf(¢)]; for all p € F andt € V. If ¢ is a variable, this
equation holds by construction. For the general case, waeptbby induction over
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the complexity ofp and use Lemma 3.5. O

We next note that lemma 2.6 holds a fortiori also faf.

Theorem 3.7. Let7 be a consistent finite theory d&° andT" = § an implication
of IGY. If 7 semantically entail§ = §, then7 provesl’ = §.

Proof. It is easily checked that all rules are sound. The “if” pafidfes.
We can assume th&t = {xo % 1, x1 4 L, o, Xm dny 1}, where they; are
pairwise disjoint and jointly exhaustive, atd=dy > ... > d,, = 0.

Let (v, 7p,) be the evaluation iV, o) according to Lemma 3.6. Lét = v,(—xo),
and letM be the Kleene algebra generateddyys, i = 1,..., N. ThenBy; =
PS.

Letvy: F— M, ¢+ v¢(p)|sandvy,: P — Bg, a+— vp(a)NS.
We define

0: By — [0,1], A min {d;: 1 <i<mandAnNov(yx;) # 0},

where the minimum of the empty setlisThis is obviously a rejection function.

Then (vs,v) is an evaluation in the Kleene uncertainty algebid, o). Since
o(x:) = d; for all 4, all elements off” are satisfied byv, vy).

If T does not provd® = ¢, we conclude like in the proof of Theorem 2.7 that
I' = ¢ is not satisfied by. This completes the proof of the “only if” part. [

We again note that the completeness theorem could obvibestyodified so as to
involve finite Kleene uncertainty algebras only.

4 Inclusion of graded properties: the continuous case

A propertyy is called vague if not under all circumstances it can be folddpplies

or not. We have proposed to model this generalised type af@epty in the usual
way: as a fuzzy set over the set of all considered situatidngague propertyp

is furthermore characterised by a continuous transitiomfp to non«. Hence it
would actually make sense to allowto be assigned any degree of presence taken
from the real unit interval0, 1], rather than using a finite subset[0f1] as we did

in the previous section.
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The statementgp, t), wheret varies over0, 1], let us then distinguish between an
infinity of pairwise exclusive situations. This fact in tuisinot well in line with
the idea thaiy, t) reflects an agent’s impression, given the fact that ther@is n
infinity of situations observable as pairwise exclusive vétheless our intention
might be to work with a continuity of situations. What we posp in this case is to
assume that close situations are not necessarily distingblie. We may wonder
what it actually means that an agent is asked to evalpared answers.3. In fact,
such an answer might mean not more than thé neither true nor false but fits
somewhat better to the latter possibility, and this exgiandits equally well, say,

to the value).28 or 0.32.

Our second proposal, which is the topic of the present sedticto postulate that
graded propositiongy, s) and (¢, t) are treated as mutually exclusive onlysif
andt differ at least by a fixed minimal value, denoted qayWe will modify the
interpretation of(p, t), t € [0,1] accordingly. Ifp is interpreted by a fuzzy set
over a sefS, we have interprete@p, t) by now by/[u];; in what follows we will use
[u]tC instead, which is, roughly speaking, the set of those elésrafs which map
to a degree differing from less thart.

We quickly add that this idea is unrelated to any of the forsmas based on
interval-valued fuzzy sets. In fact, gradable proposgiavill still be modelled
by ordinary fuzzy sets. What we intend to account for is nathe idea that state-
ments involving truth degrees should have a more “tolerari€rpretation; close
truth degrees are allowed to overlap in their interpretatio

There is one technical aspect which we have to take into atcdo replacdu];

by the larger seiu]f makes perfect senseiifis an intermediate truth degree, in
particular if( <t < 1 — (. For sharp truth degrees, the situation is different; we
should still be able to refer to the sétg, and[u];. For, not to be able to tell that

a property is false but only being able to say that the degi@eesence is below

¢, is an inacceptable restriction. For this reason we wikkedtthe set of available
degrees of presence froi 1] to [—¢, 1 + ¢]. The negative degrees and the degree
larger thanl are so-to-say virtual ones. A degree= (—(,0) represents falsity,
like 0, but in contrast t@ the tolerance aroun@ can be arbitrarily small. The
degree—( represents clear falsity. Similarly, we use the degreesasfignce above

1.

Remark 4.1. Our formalism could be simplified in an easy way: we couldrprit

(¢, t) by the set of al € S which are mapped toor a larger value. This is indeed
an interpretation common in fuzzy logics. It would includp,to marginal points,
the concept of intervals used in this section sand the cdanafepoints from the
previous section. Even better, the fuzzy-set rules woulglglyy and in fact look
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more elegant. However, we do not adopt this approach herewd\d see it as a
lack of elegancy to declare statements like “propestiolds to a degree of at least
0.4" as basic. An agent’s utterance of this form, or a technigagification in this
form, would come as a surprise.

We admit that statements providing a lower bound for the elegf presence of
some property may reasonably occur as the result of someirde step. Still, we
believe that the deeper reason for the common interpretaifcsyntactically pro-
vided degrees as lower bounds in fuzzy logics is of a formirealn particular,

in fuzzy logics with evaluated syntfXPM, Haj] the modus ponens would not be
sound if lower boundedness was replaced by equality.

As a further consequence of our decision to work with the [séfswhich involve
an “extended” set of degrees aroundwve will no longer use the set-theoretical
operations to interpret Boolean connectives. Our motivais that single degrees
of presence should no longer play a role. It should not mittee marginal points

t — ¢ ort + ¢ are included or not — unless they eqQair 1. Furthermore, by use
of Boolean connectives it should never be possible to aat\sets of the fornu|,,
0<t<l.

Hence we need to endow our fuzzy set model with more strutiiare before. As
a prototype consider the following simple fuzzy set, mddgll'having fever”; the
base set is the set of possible body temperaturé€’in

1
0.8 u
0.6
0.4
0.2

0 T T T T T T T T T T T 1

36.5 37 375 38 385 39 395 40 405 41 415 42

We abstract from this example the following facts. The baxeasd the set of
degrees of presence are endowed with a topology in a natasglamd w.r.t. these
topologies the fuzzy sei is continuous. Furthermore, both regions where the
modelled property has a clear truth degree are extended gpetdic intermediate
degree is assigned for a single point only. Topologicallga#ing, we observe
that each sefu);, where0 < ¢ < 1, has an empty interior; that each det €
[36.5,42]: t — ¢ < u(s) < t+ ¢} is the interior of a closed set; and tha}, and

[u]; are the closure of open sets. This is the background on whickubsequent
considerations are based; the notion of a regular open Hdtergentral.

Remark 4.2. We compile for what follows the basics about the used topo#dg
notions. For more information see e.g. [GiHa].
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Let .S be a topological space. Fdr C S, we denote by4° the open interior o4,
and by A~ the closure ofA. A setA C S is called regular open if it is the open
interior of a closed set. So exactly all sets of the fadm° are regular open; we
have

A™° = {x € §: Ais dense in some open neighborhood:pf

We denote byR (S) the set of all regular open subsetsfUnder set-theoretical
inclusion, R(S) is a distributive0, 1-lattice. ForA, B € R(S), the infimum is
AN B; the supremum ist V B = (AU B)™°; andf), S are the bottom and top
element, respectively. Furthermore,

L R(S) = R(S), A (S\A)°

is a complementation function; in particulat;-- = A= = A, AnAL =0, and
AU AtisdenseinS. So(R(S);N, Vv, ,0,S) is a Boolean algebra.

For later use we remark the following. For open s&td3 C S we have
(AUB)™° = A"°VB™°, (8)
(ANB)™° = A~°nB~°, 9)

where the supremum refers to the poRgIS).

Note first that for any>, D C S we have{CU D)+ = C+n D+ andC++ = C—°.
We conclude

(AUB)™ =(AUB)** = (AL 0 BY)t = (atttnBHihyt =
(At uBthHtt =(AuB=™°) " =4"VvB™.

This is (8); for (9) see [GiHa, Lemma 4 of Chapter 10].

Definition 4.3. Let S be a topological space. A fuzzy set S — [0, 1] is called
regular if the following conditions hold:

(R1) w is continuous w.r.t. the standard topology{@f1];

(R2) for anyt € (0,1), [u]; has an empty interior.
A Kleene algebra/ of regular fuzzy sets ove¥ is calledregular.

The notion of a regular Kleene algebra would not make serike gonditions (R1)
and (R2) were not preserved under the Kleene algebra opesati
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Lemma 4.4. Let M be a Kleene algebra of fuzzy sets over some topological space
Assume thaf/ is generated by regular fuzzy sets. Thehis a regular Kleene
algebra.

Proof. Evidently, the constant fuzzy sets are regular. ket € M be regular.
Clearly,u A v, u V v, and~ u are continuous.

Let0 < ¢ < 1; we have to show thgu A v]; has an empty interior. Let € S be
such thatu A v)(a) = t, and letU be an open neighborhood @f W.l.0.g. assume
t = u(a) < v(a). If there is ab € U such thatu(b) < t, we have(u A v)(b) =
u(b) Av(b) < t. Otherwise there is & e U such that(b) > ¢ and consequently
there is an opef” C U such that.(b) > ¢ for allb € V. Choose some € V' such
thatv(c) # t; then(u Av)(b) # t. It follows that[u A v], does not contain an open
set.

Similarly we argue in case ¢f \ v];. Finally [~ u]; = [u]~ clearly has an empty
interior as well. O

We fix now a rational valué < ¢ < % ¢ is supposed to quantify the distinguisha-
bility between different degrees to which a vague propedigéi (¢, s) and(p, t)
will be modelled as disjoint only ifs — t| > 2¢. We will switch from [u]; to
[u]f; here[u]f does not simply denotes the set of all point mapping to therat
[t—(,t+C]or(t—¢,t+¢); we will rather use a definition which ensures th&}f

is regular open. Accordingly, rather than using the Boolelgebra generated by
the setdu];, we will work with the Boolean algebra of regular open setsayated
by the sets of the forrfu]$.

For a generalised degree of presenaéwill denote the degree of presence which
is actually meant, disregarding the amount of tolerancet ®[—(, 1+ (], we put
t' = (tv0)Al. Forl C [—¢, 1+ (], we will write I' = {t': t € T}.

Finally, for I C [0, 1], we putju]; = {a € S: u(a) € I}.
Definition 4.5. Let M be a regular Kleene algebra of fuzzy sets over a topological
spaceS. Foru € M andt € [—(, 1 + (], we define

[u]f = [ul—cecy -

Furthermore, the Boolean subalgebr&dfS) generated byu]f, whereu € M and
t € [—¢, 14 (], will be called theBoolean algebra associated wift1, denoted by
R

Finally, leto be a rejection function oR 5, w.r.t. A. Then(M, o) is called aregular
Kleene uncertainty algebra
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The following lemma provides an explicit description of fhe&erpretation which
we are going to apply.

Lemma 4.6. Let (M, o) be a regular Kleene uncertainty algebra. ket M. For
¢ <t<1-(wehave

[u]g = [u] (tfg,t+c)_o
={a€ S:u(a) e (t—C(t+()
oru(a) € {t — ¢,t + ¢} and[u]y_¢ 1¢) is dense in some neighborhoodddf;

for —¢ <t < ¢, we have

[u]§ = [u][o,tJrC)_o
={a€S: u(z)€0,t+()
oru(a) =t + ¢ and(u]j,¢+) is dense in some neighborhoodddf;

and similarly forl — { <t < 1+ (. Finally,

Wl = [,

o

[l = [uh”

So given a regular fuzzy set we see tha@u]f contains basically all points € S
such thatu(a) € (t—¢,t+(), butif, for instancey has at the point € S the strict
local minimumt — ¢ thena is joined to[u]f as well. Furthermore, the property
associated ta to be clearly false is modelled by the $e]€ ¢+ this setis contained
in [u]p and contains an € S only if it is in the interior of the set of the elements
mapped td).

In the above example, take= 0.1. Then we have, SaW]g.?) =u"1((0.2,0.4)) =
(37.6,37.7), [u]g_1 = u~1((0,0.2)) = (37.5,37.6). The associated crisp proper-
ties arefu]® ,, = [36.5,37.5) and[u$ | = (38,42].

We define the Possibilistic Logic with Soft Gradation, dmblbyIGC, as follows.

Definition 4.7. The propositions the set of which will still be denoted by,
as well as thémplicationsof IG¢ coincide with those ofG°, respectively (see
Def. 3.2) except that we use the real interjal, 1 + (] as the set of degrees of
presence.

An evaluationv of IG¢ is defined like forIG? except that forp € F andt €
[—(, 1+ ¢] we define

w((p.t) = [vp(o)lf
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and that, maps toR ;.

A theoryof IG¢ andsemantic entailmerfor IG¢ is defined mutatis mutandis like
for 1.

To axiomatise the logi€G¢ we have to modify all rules except the basic ones.

Definition 4.8. The rules ofIG¢ split into three groups:

Thebasic rulesare those of (see Def. 2.3) where propositions are understood as
those ofIGe.

The degree-of-presence rulese the following, where is a gradable proposition
ands, sq,...,t € [=(, 1+ (]:

(p,$) 4 (¢, t) where|s — t| > 2¢
() < (p,t) where—¢ < s<t<Corl—(<t<s<1+4¢
(¢,7) 4 (p,8) V (p,t) wheres <r <t <s+2¢
(o,7), (¢, 5) 4 (p,t) wherer <t <s

d
—(¢,81), -+, (0, 8k) = L wheresy < ¢; s2 — s1,...,88 — -1 <2 s> 1—C

Thefuzzy-set rulegre the following, where, 1) are gradable propositions, is a
proposition,I' is a finite set of propositions, d € [0, 1], ands, t € [-(,1 + (]:

d d

r A Nt) = I, =(p A, t) =

(P A, snt) - « Sl CHL) @ wherer, s > t + 2¢
=

d
Dps), ) 2o D), () La
d d
.= A\ t) = = A t) =
2y w’d) awheres+2§§t (e w’; aWhefGS-F?CSt
() Lo IEER
d d
T, (pV t I, =(pV,t
N w,sv):;oc , 2 (p V, ):ZO‘ wherer 4+ 2¢, s +2¢ < t
Dps), ) 2o D), () La
d d
L, ~(pV,t) > L, o(pVvit) =
P (QD w,d) awhereszt+2C P (QD w,d) awhereszt+2C
F,(QD,S):>OZ Fa(w’s)ia
Mpodta T (vepoda
F,(NQD,NC):%OZ F’(QP’NC):%O[

The notion of aproof as well as theconsistencyof a theory is defined like for
(see Def. 2.3).
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We split up the soundness and completeness prodfdoin a series of lemmas.

To establish the soundness of the rules, we have to examinstrilcture of our
model in some more detail. In the next lemma we see how thecAaabperations
act, for some fixed fuzzy set on the set$u]§ wheret € [—(, 1+ (].

Lemma 4.9. Let(M, o) be a regular Kleene uncertainty algebra. ket M, and
let R, be the Boolean subalgebra generated[dz)])f, te[-¢14+¢]inRyy.

Let[—1,11] be endowed with the standard topology, andRef—1,11]) be the
Boolean algebra of regular open subsets[e%, 1%]. Let furthermoreR[fl 11

272
be the Boolean subalgebra &([—3,11]) consisting ofl € R([—3,14]) such
that (i) [—31,0) is fully contained in/ or disjoint from I and (i) (1,11] is fully
contained in/ or disjoint from1.

Then the mapping

Ly R[f%,lé] — Ry, I+ [u]p

is an epimorphism of Boolean algebras.

Proof. Note first thaﬂz[fl 11 consists of the finite unions of pairwise not tangent
272
intervals of the form

[_%70)7 [—%,G) f0r0<a§1, [_%71%]7 (10)
(a,b) foro<a<b<1, (a,13]foro<a<1, (1,13]
Let .S be the domain of.. In view of Lemma 4.6R,, contains the sets
ulo’, [uljgey Cforo<s<1, S,
[ulo”s [ujo,s) s O 1)

[u]spy " foro<s<t<1, [ulsqy ~ foro<s<1, [u;°.

We see that the sets (11) are the images of the intervals (ti@ru,, respectively.
For0 < s <t <s <t <1, we have by the regularity of

o {[u](s,t’)o ift=s,

[u] (s,0) " Ht<s [u](s.eyvis ) s

by checking similarly all possible combinations of pairsimtervals of the form
(10) we see that, preserves/. In a similar way we see tha}, preserves\ and~.

Clearly, ¢, is surjective. O

For the next lemma we introduce some technical notationz Eof—(, 1 + (], we
define the finite subsét., of [—(, 1 + (] to contain all values, ¢ + 2(, ¢t + 4¢, . ..
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which are smaller or equal to+ ¢. Similar, we defind/<; to contain those values
t — 2¢,... which are larger or equal te-¢. Finally, we letV_; contain those

valuest — 2(¢,t — 4¢,... as well ast + 2(,t + 4¢,... which are contained in

[—¢, 1+ ¢]. Finally, for an element of a regular Kleene algebra, we qw]gt =

([l t—c.1¢p)~° andfuls, = ([ul ¢ ercr)~°
Lemma 4.10. Let (M, o) be a regular Kleene uncertainty algebra. hetv € M
and lett € [-¢,1+¢]. Then
[uAoli = (fule Nl v (WS, N (o))
= \/{[ut N []§: r=tands € Vo, orre Vs ands = t},
uAvli = (fule N[, v (W], N (o))
= \/{[u]§ N[v)S: r=tands € Vy, orr € Ve ands = t},

[~ulp = [u]

Proof. Using (8) and (9) we calculate

[w A g AV —¢ ey
= (([u]g=c,t+cy N W] = a4¢) U (Wl =g ey O [0l —¢pcy)) "
U](t ¢ t4-¢) Nv ](th,1+C]’)_O v ([u](t,m%y N [v] (tfg,t+c)')_o

= [u
(
=
([U](t ¢ t4¢) N [U] (tfc,1+c]/7o) \4 ([U](tfc,uc}'io N [U](tfc,wc)/io)
([ulf N ISV (]S N [0]5);

furthermore, we clearly haver]S, = V oy [uls and[v]S, = V,cy. [v]$, and
the assertion follows by distributivity. Similarly we preed for[u Vv u]f . The
expression fofwu]f is obvious. O

Theorem 4.11.Let 7 be a theory ofiG¢ andI” = § an implication ofIGS$. Then
T semantically entail§ = ¢ if 7 provesl’ = 4.

Proof. The basic rules are sound by Theorem 2.7.

The soundness of the degree-of-presence and fuzzy-sefolltavs from Lemmas
4.9 and 4.10. ]

We will now work towards the completeness part. We will pegtén analogy to
the case of the logitG" whenever possible.
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We first see how graded propositions decompose to Boolearssipns in graded
variables, in the same way as described in Lemma 4.10.

Lemma 4.12. Let ¢, ¢ be gradable propositions afc¢, and lett € [—¢, 1 + ¢].
Then(p A1, t) is equivalent to

\/{((cp,r) A(,s)): r=tands € V>, orr e V>, ands = t}; (12)
(p V1), t) is equivalent to
\/{((cp,r) A, s)): r=tands € V4, orr e V<, ands = t}, (13)

and(~ ¢, t) is equivalent tdp, ~t).
Furthermore,—(y, t) is equivalent to

V (#9). (14)

seV_

Finally, any proposition ofiG¢ is equivalent to the disjunction of conjunctions of
graded variables.

Proof. (12) implies(¢ A 1,t). Furthermore, the negation of this proposition is
equivalent to a finite disjunction of propositiois, ) A (¢, s) where either, s >
t+2¢orr <t—2¢ors <t-—2¢, each of which implies:(p A 9, ).

Similarly, we proceed to show th&p Vv ), t) is equivalent to (13). The assertion
about(~ ¢, t) is easy.

It is easily seen that(yp, t) is equivalent to (14).

By induction over its complexity we conclude that each gcagmoposition is the
disjunction of conjunctions of graded variables. It follothat the same is the case
for each proposition. O

For the Boolean algebr&(.S) of open regular sets of a topological spatewe
again denote bR (S)" the N-fold free product ofR(S). We can, and will, iden-
tify R(S)N with a subalgebra oR(S"), the algebra of regular open sets in the
product spaces™; R(S)" is generated by the sets of the fort x ... x Ay,
where A, ..., Ay € R(S). We will call the sets of the latter form cubic. — An
analogous remark applies to any subalgebr® of).

In the following lemma, we define fare [—(, 1 + (] the setU(t) € R[—%,l%} to

be the interval—3,¢t + () if ¢ <t <( (t—(t+()if(<t<1-¢ and
(t—¢13)if1-¢ <t
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Lemma 4.13. For propositionsa and 5 of IGS, we puta ~ £ if IGSprovesa RN 08

and 3 = a. Then the quotientP) of P w.rt. ~, endowed with the induced
operationsA, VV, - and the constant§L), (T), is a Boolean algebra isomorphic to
RP%J%}N. The isomorphisnw is given by

,lé]N: T, € Uc(t)},
i=1,...,N, te[-¢1+.

N[

w({(pi; 1)) =A{(r1,...,rn) € [~ (15)

Furthermore, let

uit [—5, 151N = [0,1], (r1,...,rn) — 7}

79

and letM be the Kleene algebra generatedidy . . ., uy. ThenR j; = R[_%J%]N.

Defineo: Ry; — [0, 1] to be0 on all non-zero elements; théi/, o) is a regular
Kleene uncertainty algebra.

Definev(y;) = u;fori =1,..., N, and extend to F such that\, v, ~ and0, 1
are preserved. Defing,(a) = w({«a)) for o € P. Then(vs,v) is an evaluation

of 1G¢ such thatw, (o) = 0 if and only if- o 2 1.

Proof. Again, for the degree-of-presence and fuzzy-set rules weassumel =

1. We modify IGS: We drop the fuzzy-set rules and add six axiom schemes ex-
pressing the equivalences @ A ¢, t), (¢ V ¥,t), (~¢,t) with the expressions
(12), (13), and (14), respectively. By Lemma 4.12 we seetthiatchange has no
effect.

Let IGS be the restriction ofG¢ to degrees of certaintly. In the same way as in the
proof of Lemma 3.6, we may viewGs as an extension of classical propositional
logic.
We have to determine the Boolean algelyfa. It is tedious but not difficult to
check that the degree-of-presence rules can be restrictbd tase of graded vari-
ables. Consequently, we again havalisjoint groups of axioms involving for each
i € {1,..., N} the graded variablep;, t), t € [-(, 1+ (].
Fixani € {1, ..., N}. We have to show that the subalgeljfa); of (P) generated
by (i, t)), t € [-(, 1+ (], is isomorphic toR_1 4 under the assignment

2772

ws - <P>z — R[_%J%]v <(¢Z7t)> = UC(t)

It will then follow that (P) is isomorphic to the free product @¥ copies of
R[f%,lé]’ the isomorphism being determined by (15).
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It is easily checked that all inequalities holding {#®); due to the degree-of-
presence rules betwe€liy;,t)) are preserved byw;. Sow; indeed extends to
a Boolean homomorphism from the whdl@); to R[f%,lé]' By constructionw; is
surjective.

It remains to show thai; is injective. Let{s;: j € J} and{t;: k € K} be
two finite subsets of—(,1 + ¢]. We have to prove thqf); Uc(s;) C V, Uc(tr)
implies that1G¢ proves;(«;, s7) LV, (i ).

Case 1.J isempty. Then/, U¢(tx) = [-(, 14 (] and consequentlyt; } contains
elements< ¢ and> 1+ ¢ and neighboring values differ at max}. It follows that
T2 V(i tx) is provable and the assertion follows.

Case 2.J = {j} is one-element. Then eithej < ¢ ands; < t, < ¢ for somek;

orl—(¢ <sjandl — (¢ <t < s; for somek; or else there are two values with
distance< 2¢ and such that; is in between. The assertion follows in each case.

Case 3All > 2 valuesin{s;} are< ¢ or > 1 — ¢. This case reduces to Case 2.
Case 3. Two of the values in{s;} differ at least2¢, that is, the intersection
N, Uc(s;) is empty. Ther)\;(¢;, s;) = 1 is provable and the assertion follows.

Case 5. At least one value i{s;} is in ((,1 — ¢) and all> 2 values have a
mutual distance oK 2(. If there are more than two, we can delete all but the
outermost ones. Let;, s; be the two values and I8} < s;.. Then either there is
as; <t < sy, orthere ard¢;, < s; < sy <t} such thattyr —t, < 2¢. The
assertion follows in both cases.

The proof of the first half of the theorem is complete. For theond we proceed
like in the proof of Lemma 3.6. O

We next note that lemma 2.6 holds a fortiori also faf.

Theorem 4.14.LetT be a consistent finite theory D¢ andI” = ¢ an implication
of IGS. If 7 semantically entail§ =% §, thenT provesl = 4.

Proof. Assume to the contrary th&t does not prové = §. We can assume that

7T ={x0 2N 1, x1 4 L, oty Xm dy 1}, where they; are pairwise disjoint and
jointly exhaustive, and = dg > ... > d,, = 0.

Let (vf,7,) be the evaluation i}, o) according to Lemma 4.13. Lef =
up(—x0), and letM be the Kleene algebra generatediblg, i = 1,..., N. Then
M is aregular Kleene algebra. Furtherm@®g; = {ANS: A€ Ry}

Letvy: F— M, ¢+— vf(p)|sandu,: P —Rg, a— ()N S.
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We define
0: Ry — [0,1], A min {d;: 0 <i<mandANu,(x;) # 0},

where the minimum of the empty setlisThis is obviously a rejection function on
R]\/j.

Then (vy,vp) is an evaluation in the regular Kleene uncertainty alggira o).
Sinceo(vy(x;)) = d; for all i, all elements of” are satisfied byv¢, vy).

If 7 does not provd® = ¢, we conclude like in the proof of Theorem 2.7 that
I' = ¢ is not satisfied by. This completes the proof of the “only if” part. [

5 Smoothing the degree of certainty over gradation

Having started with the (slightly generalised) Possitidid.ogic as our general
framework, we have included the possibility to express gdagss of information
and we have subsequently modified the interpretation ofegradoperties. Doing
all this, we have not touched the underlying concept of uagdy; the degree of
certainty has remained unrelated to the degrees of presence

Indeed, inIG¢ situations are specified by the propositidgs, ¢1), . .., (N, tn),
that is, by theN-tuple (¢1,...,tx). To each suchiV-tuple, there is associated the
degree of implausibility of the corresponding situatioamrelyd = o(v(p1,t1) A
... Nv(pn,ty)) for some interpretatiom. We observe that the valuédepends
on(ty,...,ty) completely arbitrarily.

This arbitrariness might not be ideal for practical apgiar@s. Similar situations
are presumably described by clodetuples and so the implausibility should de-
pend continuously on th&’ parameters. In the present chapter, we add a simple
rule to our logic with exactly this effect.

We propose the following approach. Situations are spedifyg¥i-tuples(ty, ..., tn);
assume that the associated degree of implausibility /e add a rule to ensure
that a situation characterised by, . . ., si), wheres; differs fromt; less tham\,

is assigned a degree of implausibility of at ledst 7). In other words, we intro-
duce Lipschitz continuity fop if seen in dependence on the degrees of presence.
So for instance, put = 2, and assume that we know with certaintyhat we can

conclude that if property fully applies so doeg, that is, (¢, 1) 4 (1,1). In

the calculus introduced below we may conclude tga.9) = (1, 1) provided

thatd > 0.2.
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Our new rule offers a simple way to prevanto “jump” when changing continu-

ously from one situation to another one, in that changesauraded in dependence
of the “distance” between situations. This procedure isag@y pragmatic. But

it solves in a very direct and transparent way the problenchkvhie have and its
effect can be controlled by a deliberate choice of

Let us fix a real parameter > 0. Our refined model relies on the natural parametri-
sation of the Boolean algebra associated to a regular Klakyedra, defined as
follows.

Lemma 5.1. Let (M, o) be a regular Kleene uncertainty algebra such tidtis
generated byu,...,uy. Forly x ... x Iy € R, 1;}N, wherel,..., Iy €
2

R[—%,l%}’ pUt

1
27
L(Il X ... XIN) = Lulllﬂ---mLuNINy

where,,, i = 1,..., N is given according to Lemm&9. Then. extends to an
epimorphism between Boolean algebras frﬁr[n; 11 NtoRas.
2772

Proof. For eachi, ¢, is an homomorphism from’,[_%’l%] to Ry by Lemma 4.9.
These homomorphisms are combined to the homomorphissm the N-fold free
product of’R[_%J%] to R, as indicated [Gra, Chapter VI].

By Lemma 4.10, is surjective. O
We will now introduce the quasimetric.d-, -) on [—3,13]", which is defined
similarly to the supremum metric, but identifies the pointthie marginal intervals
[—3,0] and[1, 11]:

dOO((xla SX3) xN)> (y1> () yN)) = ml_ax |I; - yz,|7

(@1, s 2n), (Y1, - yn) € [—3,15]V.
Occasionally, we will use the-neighborhoods w.r.t. this quasimetric; fpr e
[—%, 1%]]\[ ande > 0, we putU.(p) = {q € [—%, 1%]]\[: doo(p, q) < €}.

Definition 5.2. A functionr: [—1,11]Y — [0,1] is calledr-Lipschitz continuous
if, foranyp, q € [—%, lé]N, we havelr(p) — r(q)| < 7A whenever d,(p, q) < A.

Let (M, o) be a regular Kleene uncertainty algebra such fifats generated by
u,...,uy; and lete : R[fé,lé}N — Ry be defined according to Lemma 5.1.
Then g is said to beinducedby a functionr : D — [0, 1], whereD is a dense
subset of —3, 111V if

_ : N
o(tP) = pelgrf;Dr(p), PeR 11y
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If in this caser is 7-Lipschitz continuous and the domaimo the wholg/—3, 111V

we say thap is T-smoothw.r.t. uy, ..., un.

We next extend g (-, -) to pairs of subsets in the usual way, both assymmetrical
and symmetrical. So-, -) is a modified Hausdorff quasimetric Gh[fl 11]N
2772

qH(PvQ) = Sup inf doo(Z%Q)v PaQGR[_l 11 N;
peP acQ 213

and d,(-, -) is the modified Hausdorff metric oﬁ[fé,lé]N:

dH(PvQ) = qH(P7Q)qu(Q7P)7 P7Q€R[_ 1 }N

)

(I
|

Note that, forP1, P2, Q1,Q2 € R;_1 1;]N, we have
2772

Au(Pr V P2, Q1 V Q2) < du(Pr1, Q1) Vdu(Fe, Q2); (16)

furthermore, itP, P, 01, Q- are all cubic, we have

di(Pr NP, Q1NQ2) < dy(Pr, Q1) Vdu(FPe,Q2). (17)
Finally, the diameter of somé& < R[fé,lé]N will be meant to be the value
sup{dwo (p1,p2): P1,p2 € P}.

Lemma 5.3. Let (M, o) be a regular Kleene uncertainty algebra such tidtis
generated by, ..., uy; and lete : R[_; 11}N — R be defined according to
2772

Lemmab.1 The following statements are equivalent:

() oisT-smooth w.r.tu, ..., uy.

(8) Forany non-empty, Q) € R[_%ylé}N, lo(tP)—0(1Q)| < TA if dn(P,Q) <

A

(v) Letwy,...,vx € M be expressible fromy, ..., uy such that for each, wu;
occurs at all places positively or at all places negativaRurthermore, let
s1,t1,..., Sk, t De such that if, for somg& w; occurs both inv;, and v,

then|s;, — si,|, |ti, — ti,| < 2¢. Then
lo([v1)é, N+ N [welS,) — (], N-..n [Uk]fk)\ <TA (18)

if ’31_t1‘7---,‘3k_tk‘ <A
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Proof. Assume §), and letp be induced by the-smoothr: [—%, 1%]N — [0,1].

LetP,Q € R[_%’lé}N such thatd(P,Q) = X < \. W.l.o.g. we assumg(.P) >

0(t@Q). Then|o(tP) — 0(1Q)| = infpepr(p) — infyegr(q). Lete > 0, and
choose ary € @ such that|p(:Q) — r(¢)] < ¢; and choos@ € P such that
de(p,q) < N +e. Then|o(tP) — 0(1Q)| < 7(p) —7(q) +e < 7(N +¢) + . (B)

follows.

Assume (3), and letvy, ..., v, andsy, tq,..., sy, ty be as specified by condition
(7). By Lemma 4.10, we can writé;]$, N ... N [v]S, as the disjunction of
conjunctions of graded variables. Consider one of the mitfjuand assume that
u;, 1 < i < N, occurs in it. Assume furthermore thaf occurs at all places
positively and that it occurs in;, 1 < j < k. Then the disjunct can contain the
conjunct[u;]s; or [u;]>s; O [ui]<s,. If u; occurs also invy, 1 < j" < k, then a
further conjunct can bl |, , or [u;]>s, or [ui]<s ,, and we haves; —s ;| < 2¢. If

u; occurs at all places negatively instead, the same holdslbdluess;, s, . . .
are to be replaced bys;,~s;/, . . ..

We conclude that the considered disjunct is of the feimfor some non-empty
P € R_1 3" We may furthermore decompose the expresBigh N...N[vgl§,
in exact analogy and consider the corresponding disjurtuigtwis of the form.Q
for some non-empty) € R[7%71%}N. By (17), dy(P, Q) <. Sofinally, ¢) follows
by (16).

Assume §). Let us first show thatd) holds restricted to the case thatand@ are
cubic and have a diametet 2¢. So letP,Q € R[_%ylé]N such that d(P, Q) <
A ThenP =1 x ... x Iy and@Q = J; x ... x Jy for somel,...,Jy €
R[_%,%} such that d(71, J1),...,du(In, Jv) < A. We will show that there are
S1,892,%1,t2 € [—(, 1—{—(] such thatl; = Uc(sl)ﬂUg(Sg) andJ; = Ug(tl)ﬂUg(tz)
and|s; — t1],|s2 — ta] < A. The same will follow for the remaining indices
2,...,N. Because, for € [, 1+(], t(Uc(t)x[—3,13]x...x[—3,13]) = [u1];
and similarly for the indiceg, ..., N, the assertion will follow.

If I;,J1 € (0,1), the claim is easily seen to hold. [£(,0) C I, Ji, then
there ares,t € [—(, () such thatl; = U¢(s) andJ; = U¢(t) and|s — t| < A
Assume next thaf—¢,0) € I, but[-¢,0)NJ; = 0. Let; = [-¢,r) and
J1 = (7“2,7“3); then d-I(Ith) = 7'2\/‘7“3 — 7'1‘. We have[1 = U((Tl — C) and
Ji = Ue(rs — ) NUs(ra + (). Asri — ¢ < ¢ andry < A, we may choose
ro < d < Asuchthaty —( < rp+¢—d < (. Thenl; C Us(ra + ¢ — d).
So we havel; = U¢g(r1 — () N U¢(r2 + ¢ — d), and the pairs; — ¢,r3 — ¢ and
ro + ¢ — d, ro + C differ by a value< \. The remaining cases are analogous.
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We proceed to shown). Forp € 1,13V, let

r(p) = sup {o(tP): P € R[ 1%}N andp € P}

1
2
We claim that- is 7-smooth. Indeed, let, ¢ € [—1,13]" such that d,(p, q) < A.
Let \ be such thatd (p,q) < X' < X and lete > 0. Choose cubic neighborhoods
U, of p andU,, of ¢ with diameter< 2¢ such thatr(p)—o(.Up,)|, |r(¢) —o(:Uy)| <
eand dy(Up, U,;) < N. Then|r(p) —r(q)| < |o(Up) — 0(tUy)| + 26 < 7N + 2¢,
and the claim follows.

We next claim that forP € R[fé,l%}N we haveo(.P) = inf {r(p): p € P}.
Indeed, o(¢P) < r(p) foranyp € P. LetP D P, D P, D ... such that
o(tP;) = p(«P) for all i and such that the diameter &f converges td). Let

e > 0; leti be large enough such that the diametePpis belowe; theno(:1Q) <
o(tP;) + 1 = o(tP) 4+ e forany @ C P;, and it followsr(p) < o(.P) + 7¢ for
anyp € P;. The claim follows, andd) is shown. O

Lemma 5.4. Let (M, o) be a regular Kleene uncertainty algebra such tidtis
generated by, ..., un; and lete : R[_; 11}N — R be defined according to
2772
Lemmeb.1 LetR,,. .., R, be a partition ofR_, 1;}N; thenD = RyU...UR,,
272

is dense if—3, 1]V, Let furthermorery, ..., r,, € [0,1] such thatr; = 0 for at

least one index. Let
r1  ifp € Ry,
r: D— 10,1, p—
Tm 1T p € Ry,
and letp be the rejection function induced by Furthermore, let

T/: [_%’ 1%]]\[ - [07 1]7 p — sup (T(Q) - Tdoo(pa Q))\/O’
qeD

and leto’ be the rejection function induced bY Theny' is the smallest-smooth
rejection function such that’ > o.

Moreover, let? € R;_1 1;}N. Then there are cube,, ..., B, € R;_1 1;]N such
2772 2772

thatP =P, Vv...V P,,and foreach = 1,...,n there is a cubia@); contained in

R; for somej € {1, ...,m} such that either

o(P) = 0(tQi) — Tdu(P;, Qi) = o' (LP) (19)
or

o' (tP) > 0(1Qi) — 7du(P;, Qi) > ¢'(¢P), (20)
where the first case applies for at least ane
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Proof. We first show that’ is 7-smooth. Lep, ¢ € [—3, 1]V such thatd,(p, q) <
A. Lete > 0, and chooses, € D such thatr’(q) < 7(sq) — T0so(q,5¢) +
e. Thenr'(p) = r(sq) — Tduo(p,sq) = 7(sq) = TUoo(p,q) — T (g, 5¢) =
r'(q) — Tdw(p,q) — . Sor'(q) — r'(p) < 7\, and by symmetry we conclude
r'(p) —r'(@)] < TA

Clearly r'|p > r, henceg’ > p. Let nowo” > o anotherr-smooth rejection
function. Leto” be induced by”. Letp € D, and leti be such thap € R;. Then
r(p) > 0"(tR;) > o(tR;) = r; = r(p); hencer” > r. For anyq € D, it follows
r"(p) 2 r"(q) = Tds(p, q) = r(q) — Tdxs(p; q); hence even” > 1.

It remains to show the last assertion. W.l.0.g. we may asshaié, ..., R,, and
P are all cubic. We have

o' (tP) = inf sup (r(q) — 7ds(p, q))

P
PeTaeh (21)
= inf max (r; — 70u({p}, R:)).
peP i
Let us consider a point = (z1,...,2y) € P~. There are two cases:

(A) max; (r; — Tqn({p}, Ri) = o' (LP)
(B) max; (r; — 7aqu({p}, R:i)) > o'(tP).

If (A) applies, we will associate witlp a cubic neighborhood/,, and a parti-
tion of U, N P such that, for each element of this partition, o(.U) can be
calculated according to (19). Note that by the continuitythed mappingp —
max; (r; — 7qu({p}, R;) there is at least one € P~ fulfilling (A). If (B) applies,
we will associate witlp a cubic neighborhood,, such that (20) holds fav/,, N P.
(Up)pep- Will be a cover of P~ by open sets; aB~ is compact, we may choose a
finite subcover, and we will be done.

Case(A): LetJ = {j € {1,...m}: o(P) = r; — 7qu({p},R;)}. Forl <
1< N, letL; € {—|—, —} such thatE(il, ey :|:N) = {(Zl +1t1,...,28 £N tN) :
ti,...,tx > 0} intersectsP non-emptily. Then there must bejac J and an

e > Osuchthal/; (p)NE(+1,...,£n) € Pand 4({(z1£1t, ..., 2nENE) }, Rj) <
agu({p}, R;) for 0 < t < ¢; indeed, otherwise the infimum (21) would not be
attained ap.

It follows that ¢4 ({q}, R;) < au({p}, R;) for all ¢ € U.(p) N E(=£1,...,£nN),
so that @(U.(p) N E(+£1,...,£n), R;) = du({p}, Rj). We select a cubi€) C
R; such that q(U-(p) N E(%1,...,£n), Rj) = du(Uc(p) N E(+£1, ..., £n), Q).
So we haveo'(t(Ue(p) N E(*£1, ..., £n)) = o'(tP) = 0(tQ) — 7du(Us(p) N
E(il, ...,iN),Q). We IetUp = Ug(p)-
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Case(B): Let j be such that; — ran({p}, R;) > o/ (.P). Let U, be a cubic
neighborhood op such that, for some, we haver; —rau({¢}, R;) > r > o/(.P)
for all ¢ € U, and consequently; — 7au({U, N P}, R;) > R. We select a cubic
Q C Rj such that q({U, N P}, R;) = du({U, N P}, Q). Thend («(U, N P)) >
0(tQ) — Tdu({Up N P}, Q) =1; — T ({Up, N P}, R;) > o' (LP). O

We now modifyIG¢ accordingly. The resulting logic will be called the Smooth
Possibilistic Logic with Soft Gradation, denoted m’ﬁ

Definition 5.5. The propositions the set of which will still be denoted b,
as well as thamplications of IGS coincide with those ofiG¢, respectively (see
Def. 4.7).

An evaluation(vy, v, ) of IGS in some regular Kleene uncertainty algebid, o) is
defined like forIG¢ except thag is required to be-smooth W.r.tv (1), ..., v (pN).

The notions ofsatisfaction of a theory and of semantic entailmenfior 166 is
defined mutatis mutandis like far(see Def. 2.3).

For an axiomatisation oIG§ we have to add a rule reflecting the restriction to
smooth rejection functions.

Definition 5.6. The rules ofIGS are those ofiG¢ (see Def. 4.8) and in addition
the following smoothing rule wheret, ..., are gradable propositions such
that each variable occurs in them at all places positivet ail places negatively;
S1yevySkyt1y ..yt € [=C, 14+ ¢] such thatisy — 1],..., |sp — tx] < A and if
some variable occurs both ify, andi;, thens;, — s;,,t;, —ti, < 2(; ais graded
proposition which has no variable in common with, . . . , ¥; andd € [0, 1]:

(wl’tl)a sy (wkatk) :d> (07

d—T1A) V0
(1?1731)7--~7(¢k73k)( :>)v «

The notion of a proof as well as consistency is defined likeror.

Theorem 5.7. Let7 be a consistent theory at$ andl’ = § an implication of
IGS. ThenT semantically entail§* = ¢ if and only if 7 provesI’ = 4.

Proof. The soundness of the rules Iﬂf- follows from Theorem 4.14; the sound-
ness of the smoothing rule follows from Lemma 5.3.

To show completeness, assume thatioes not provd® = 4. Disregarding the
smoothness rule, we proceed like in the proof of Theorem thlebnstruct the
evaluation(vs, v) in the regular Kleene uncertainty algel{/, o) such that all
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elements off” are satisfied byvy, v;). Let furthermorey’ be the smallest-smooth
rejection function such that > qo; thenT is satisfied by(vy, v,) also in(M, o').
Moreover, leta be any proposition and = ¢'(vy(a)). By Lemma 5.4 and the

presence of the smoothness raleprovesa 4.

It follows that if « is the conjunction of' U {—4}, thend < e. Hencel' = § is not
satisfied in(M, ¢'). O

6 Conclusion

We have extended Dubois and Prade’s Possibilistic Logicsgo allow the treat-
ment of vague notions. Our guideline was to integrate, btutamaix, aspects of
uncertainty and of vagueness in a uniform framework. Statgsof the form that
a property holds to a specific degree were integrated int@ldesibility-based
calculus. The degree of presence of a property has by defaulifluence on
the degree of its plausibility; a smoothness rule, whoseceitan be controlled
by a real parameter, can however be added to ensure thewontif the degree
of uncertainty with regard to changes of the degrees of poesef the involved
properties.

We note that this way of treating vagueness can, as we suppesapplied to

any logic other than Possibilistic Logic as well. From therfdational point of

view, the method has, as we guess, the advantage that fuzgarsetreated as
parametrised sets of crisp properties, which in turn aratdck classically. The
guestion how to model vague properties by fuzzy sets is hemassumed to be
solved and the Kleene algebra structure has to be accepteefiagional. We

may just underline that the choice of an appropriate fuztyosea given property

works in practice very well and the decision about the shdgazzy sets can in

fact be put on firm grounds as, for instance, the work [HeCajatestrates. Even
the adequacy of the Kleene algebra structure is supportegdmts of [HeCa].

But we should certainly remain cautious — in general we ghsay that fuzzy sets
endowed with the standard operations are widely used batyppragmatically.

The remainder of the paper is devoted to a practical apfitatOur formalism
can serve to endow the medical expert system CADIAG-2, wivielhave already
mentioned in the introductory chapter, with a clear thecaébasis. The formalism
which results might not exactly coincide with the origingstem, but reflects its
concepts quite well. The details will be elaborated elseahkere we will only
roughly outline the idea.

For a general description of CADIAG-2 see, for instance, K8 for formally
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oriented descriptions, see [CiVe, Pic]. We shall demotsstoy an example how
the inference mechanism of CADIAG-2 can be mimicked in 0lgichG§. We
assume that the t-norm used by CADIAG-2 is the Lukasiewitartn, and we put
T=1.

Assume that the following facts about a patient are knownthatithe following
rule is contained in the knowledge base of CADIAG-2; we use ribtation of
[Cive]:

(01, 8), (o9, t), (01 Nog— 9, d);

here,o; ando, denote symptoms), denotes a disease, and, d € [0, 1]. These
statements code the following information: the sympteyrholds to the degree:
the symptonu, holds to the degreg and if the conjunction of these two symptom
evaluate tol, that is, if they both fully apply, we may conclude thats certain
to the degreel. The following rules of the logic underlying CADIAG-2 — here
we show the appropriate instances — are applied to draw dusimit in case that
s, t,d > 0 (see [CiVe]):

(01, s) (o2, t) (o1 Nog, sat) (o1 Aoy — 0, d)
(o1 N\ og, sAt) (0, d* (snt))

)

wherex is a t-norm. By default, the Godel t-norm is used, but herassime that
the tukasiewicz t-norm is used:

s [0,1] % [0,1] = [0,1], (s,) = (s + — 1)v0.

In the framework proposed in the present paper, we may fatmudhe rule con-
tained in the knowledge base as

(01 A 02, 1) % (5, 1);
from this implication ofIG$ we derive
(01,1), (02,1) = (5, 1),

and using the smoothing rule furthermore

(d=r(1sn)VO

(0178)7(U2vt) (57 1)7

which, when puttingr = 1, describes the same conclusion as shown above for
CADIAG-2.

The progress of this approach compared to [CiVe] as well §Bitd is that it both
uncertainty and gradedness are appropriately taken ictuat. CADIAG-2 does
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not clearly distinguish between degrees of presence amdeegf certainty; this
issue is solved in the present approach.

Like in [CiVe] and [Pic] however the problem appears that \iferoa sound se-
mantics but a strictly stronger logic. The additional styanmight be justifiable
though. All in all, our example indicates that the way infezes are realised in
CADIAG-2 are well compatible with the calculuss presented in this paper.
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